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1 1

I I. Introduction

The major  ob jec t ive  of the theore t ica l  i n ve s t i g a t i o n  repor ted here

1 was to ohta~n relations between the actuat ~~~;orpt ion and ut t er in g

$ coeffic ients of powders , and the p r e d i c t i o n s  of these c o e f f i c i e n t s  which

are often made by applying the Kubelka—Munk (KH) theory 1 to measured

I values of d i f f u s e  reflectance from powder samp les. Another object ive was

I
- )  c’- i c)rI e of t he convent  c~~nj i  r.i~-t I .  O i l  ~~t .:~ .~i .tg L : Id r i

tive indices from absorption c-oef~~i cie n ts , ~L f l l  ~o ~u~~gest  and imp ’~ - iu e t t t

o r r I - c l e r I s  to  th i s  vo~tno d , i f  ~Os:- Lb L~~. .\ n~ rd ol~ ‘.t c C l V e  was r: i ~Lcc

tam to what e-xtent the standard Mie theory and radiative transfer theory

pred ictions of diffuse reflectances from model powder samples agree with

experimental results from corresponding actual powder samples.

I The first and second objectives above were partially attained . The

results of the investigation show that the K11 theory predic ts  values of

absorption and scattering coefficients that are sensitive to incident

I beam direc t ion and samp le op tical depth , and that the abovementioned

I 
method for conversion from absorption coefficients to imaginary refractive

indices is subject to large errors. However , the third objective mentioned

I above was not achieved , inasmuch as ac tual experimen tal results from powd ers

which could be modelled easily were not available.

I The investigation proceeded on two levels. The first level involved

Computer simulation of several realistic powder samp les , using standard

Mie theory and radiative transfer theory algorithms , which allowed

numerical comparisons of pred icted vs. actual absorp tion and scattering

coef f ic ien ts , and eva1uat~ on of the conventional relation between imaginary

index and absorption coefficient. The second level involved the derivation

and fundamen tal study of a new equation of radiative transfer , which should

— .~~ - ~. —~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~ r-- ’ - . ~ 
-
~

- . - . . — — - -  —
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2

be significantly more accurate than the standard one in practical applica—

I tion to c losely packed random sca ttering med ia which  contain  strongly

or ,;t r L . :~~ 1: r~~f 1 - c  ~ in ~ j l i ~~t i : L I : ; .

I This report  is s t r u c t u r e d  f o r  readers of three  d i f fe r e n t  levels of

i n t e re s t .  The reader who needs only a synopsis just a bit more detailed

-
~ 

- Lj - ; t r :j ct n — d - - - c t ,  ~d~~r un iv  ‘;acti~j n 1 , wi I~~r :~ &J~,c t  r~~~cr ’~n L c

I to the glossary of symbols in section III. The reader who wants  a look

I 
1 ~~ ~~~~~~~~~~ IL U 1~~~~ ~~C~~L i c t - ~~ or it ~~~~ ~h 1-~o r  -t t c - .-~~ :O I - c i U J ~rtg ~) t i 1~~

new equa t ion of radiative transfer , can peruse sections IV and V. Finally,

I the reader who is interested in depth can delve into the appendixes.

Some of the material in this report will soon be submitted for

publication in J. Opt. Soc. Am. and/or Applied Optics. it  is planned to

I 
write two papers based on this investiga tion , one dealing with the new

radiative transfer equations , the other with the computational results.

I II. Summary of Results and Prognosis

I
A. Summary

The major results of this theoretical investigation are as follows :

1 1) The use of the Kubelka—Munk (iU1) theory to obtain values of the

absorption and back— scattering coefficients of random scattering media

from diffuse reflectance data leads to errors < 20%, over a range of

incid ent beam angles . These errors result primarily because the IGI

theory neg lects the effect of incident beam angle. The errors mi gh t be

I partially removed by making use of the Reichxnan theory . 2 See section IV

and appendix C for details.

( 2) The use of the p lausible hypo the tical rela t ion n (Nv) ( 4 v K / A ) ,

in order to determine a value of the imaginary index K of a substance

- ..;-- ~~~~~~~~~~~~~~~~~~~~~~ ~~~ 
- .--. -——- - - -



3

from a presumed known value of the  absorption c o e f f i c i e n t  ci of a random

scat te r ing  medium composed of par t ic les  of tha t  substance , is subject to

errors of a factor of two to three. In most cases , these larg e err ors can

I be removed only by recourse to the full Nie theory relation between a

I 
and ~~ , which is very difficult to invert in general. See section IV and

appendix D for de t a i l s .

- I 3) The use of the standard differential equation of radiative transfer

for  cl osely packed strong ly r e f l ec ting or absorb ing scattering media

I probably leads to significant error. For such media , the new difference

I 
equation of radiative transfer which was developed during this investiga—

t ion shoul d be used . The use of the in principle incorrec t f ar f ield

-
- I phase func tion , ra ther than a more nearly corr ect near f i eld one,

probably makes no pratical difference. See section V and appendixes E,

A, I for details.

B. Prognosis

Future work in this area should include the fo l lowing:

1) A thorough investigation of the new difference equation of

radiative transfer , and comparison with the standard theory , for realistic

( : i f ~ -~ — 1wi rVf- ~ 1111)0 1 1-cat ~~ - Y ) f l  1 1I , d I C  01 pr . -o c~~i ] T l i f Y (  I . ~- I I ~~ ni~~i 1 J c

I include both h igh l y r e f l e c t i n g  and highly absorbing paints and coatings ,

pclwciers c o r t c r -n g  ~~t ’ f l n~ - y l~~~]~~~r r oTs  or ah~~r~~r ’pr1. . a~ t h , 
~~~~~~~ , -

$ 2) Another l ook at the conventional averaging over d i f f e r e n t  kinds

and s iz es of particles in close—packed media composed of strongly absorb—

ing or strongl y reflecting particles. Prel iminary consideration by the

author indicates that the standard method of averaging (~;c- e appendix A)

may lead to si gnif ican t error s, for such media. In addition , the t-f fects

I of polarized light and non—spherical scatterers should  be evaluated .

II 
— 

-
-—-—-----— - -.- - -  
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3) An error analysis for the app lica tion of the  Reichnian theory

(appendix C), rather than the KM th eory , In reduction of -experimental

-j d i f f use ref lec tance da ta , in eases where t h e  incident beam angle is

not near 60 0 .

4) An a t t empt  to inver t  the ~-~ie t h e o ry  c a l c u l a t i o n s, so t h a t  an

imaginary and/or real index of refraction could be obtained easil y and

accura te ly  from known values of t h e  s c a t t e r i ng  and ah s o r bt io n  cross—

sections. (See appendix D) .

III. Glossary of Symbols

A wavelength , pm

~~~~~~~~~ 
(real , imag inary)  re f rac t ive  indices of 1th 

opt ical  t y p e  in a

random sca ttering medium 

.
ii . — 1K

1 
= comp lex refractive index of particle type

f .(r) size distribution of spherical particles of type i as function

of particle radius r; dr f
1

(r) = 1

N
i 

E number density of particles of I type , pm

I N E total number density In medium = 

~ 
N
i 

h 3
v. E dr f .(r)(4ii r /3)= average volume of i~ type par ticle , urn

—
(~~~ ) 

I~ 1~~ f (~~~’ I t )  Fr ~~~ t.~ ’r i1 . - ‘ f l - ’ $f-( j V ~~ ( t t  ; n  
~~~~~~~ :~ IF

in a medium as function of scatteri,-i~ angle 0

c ,~’) ~ d i f f c i l -- n t i ; , J  C i  ~~S (~~~~~ni~ b r  ~uatte~
- ing l i - n :  d i r  ~~~~~~~~~ -~~~

dir ection s.

abs
~

0sca
~

0ext) ~(absorption , scattering , extinction) cross—sections of

flfl :v ~ r~~f~ 1 n r t  j l - i  e i n  t 1~ tool Hi:: , ( L r I )  
2

(ci ,~~,y) ~ (absorption , scattering , extinction) corfficient of the medium ,

iJm . a N a  13~~~~No , y : N oabs , sca ext

— -~~~~~~~ i~~~~±:~ 
- - .- --- - - - - .--- -

~
~-
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— 

I ~/ y  = si ngle—scattering albedo of the  medhnii .

p (O)  - phase  func t ion  of the  medium. p ( O )  4 -
~
r n ( O ) /

~~~~~
I 

I ~(o)(~~~~l) azimuth averaged phase function of th e medium , as function

of p cosO , p ’ = cosO’ , for scattering from direction 6’

I to direction 0. Here , 0, 0’ are measi~red from the forward—

direction normal to the p lane su r f ace  of a sample.

I 1 1
1 1 1 , (o) , forward

= y j dp j d i i  p (p ,~ p ) = average 
~ ha ck )—sc attering

- coefficient , pm

3D mass dens ity of model powder , gm/cm

I mass dens ity of typ e i powder constituent , gm/cm 3

0 angle of incident beam w.r. to the forward-direction p lane

1 sur face  normal to the sample.

I (K ,S) E Kubelka—Munk (KM) (absorption , scattering) coefficients ,

—l
pm . K~~~ 2a , S E 2 ~ — .

I I d Thickness of sample; optical thickness T = yd.

(K ,S) KM (absorption , scattering) coefficient evaluated from diffuse

reflectance data , for  each (0 ,d) considered .

diffuse ref1 ectancC of a plane parallel samp le  c~ th ! ck r e~~r d ,

I’: ~:

I fl çl~~f f ~j~~- y , - f ]~~( t a nr c  of an inf injtt 1’~- t F~ick

I IV. Computer Model l ing  of Powders

A. Method

Given the number densities, optical constants , and size distributions

I 
ni  t h e  s p h e r ic a l  p ar t i c le s  i n a ra ndom sca tter ing medi um , standard Mie

theory  a lgo r i t hms 3 
yield the quantities a b .  0sc-t ’ °ext ’ 

a,B,y,o(0) and

p(O). However , for closely packed media , such as powders , a given p a r t i c l e

- i -- - — —  —- - - - — .-—- - — .-. ~~
_

~~~~
.
~~~

—- ;— -  
~ 1 • 

~~~ 
- - -‘. 

~~~~~~~~~~~~~~~~~ 



6

$
sees the near zone or induction zone fields , rather than the  r a d i a t i o n

zone fields , from its neighbors. Therefore , it is l ikely that a suitably

I def ined near f i e ld  phase f u n c t i o n  should be used ; see appendix  A f o r

details. In this work calculations were done with bo th  the  s tandard

f asymptot ic  phase func t ion , and a near  f i e l d  phase f u n c t i o n , and compared .

For an actual powder samp le , thie particle number densities N. are not

known a pridri, but the total mass density and the fraction by weight

I of each constituent can be regarded as given . Append ix F de tails the

conversion of these data to N..
1

I In an actual powd er , the size distributions of the various components

are d i f f icu l t to de termine accurately. Only good estimates of the mean

I particle radius and the width of each distribution may be available. In

modelling powders , therefore , recourse is made to several size distributions

which are thought to be realistic. The various distributions used in this

I work are detailed in appendix C; these distributions have been used recently

by other authors. It is important to remark here that , for the computer

I modelling comparisons which are made in this work , the actual size distribu—

- tions are irrelevant , since no comparisons are made w i t h  actual exnerimeritai

r . r, j  - t I C  cP r~ won - flh~~cl I or ¶ To - I - 1 1  i f l T~ uarn”o 

- I in the modc ’llinr .

1 T(!:: t I t : pt5~I ’t ~ ‘:: - t  ‘ c  ) . th~ a z i mu t h  av -ra )u  n *- ‘

S ~~(O)(~~~~~~~) is found by the method detailed in appendix H. Since only total

I 
forward and backward  r a d i at i o n  f luxes  are needed in t h i s  work , only  (ii 1•~~t )

needed , i n~ h i  v t han I l u l l  nzii’::th — (~ (- ;’~~’1n nt  ; - h ac - I T - l T d l i i i .

I Given p~
°
~ (p,ii ’), the  t h i ckness  d of a pla ne parall el samp le , and the

In c id e nt  r ad ia t  j on betun d i r e c t io n  0 , s t anda rd  r ad i a t i v e  t r an s f e r  theory

I

-~~ ‘ ‘  - -
~~
.. - -— - - - .-

~- - ~~
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$
algorithms

5 
yield the  total diffusc reflectance and t r a n s m i t t a n c e  of the

sample. The doubling method al gorithm s which were used in t h i s  work are

I detailed in append ix J; the relevant radiative transfer equation to which

these  were  app lied is  given in appendix A , Eq .  ( A 19 ) .  A me thod  used by

1 . 6 7
experimentalists ‘ to obtain valucs of the  a b s o r p t i o n  and s c a t t e r i n g

I coefficients of a medium from d i f f u s e  r e f l e c t a n c e  da ta  involves the Ku be lka—

• Munk (KN) theory .
1 This  theory is d e t a i l e d  in appendix  B. In t h is  investi—

I - 

ga tion , th e diffuse refiectances (Rd , R ) ,  which were calculated as described

above , were inserted in to  the }~~ r e l a t i ons  (B2) . The r e su l t i ng  q u a n t i t i e s

~ $ K(0 ,d ) ,  S(0 ,d) were compared with  the  known ( c a l c u l a t e d )  value s  of
0 0

- 
K 2~~, S 2~~~, fo r  each model powder co,~sidered .

A two—flux radiative transfer theory w h i c h  takes i n c i d e n t  beam direc-

t ; tirni into account has been developed by fleichman.
2 

This theory is described

in append ix C. In this invetigation , the accuracy of this theory was checked

- - 
by compar ing i ts predic tions of R

d 
with those of the accurate doubling method .

As discussed in appendix C, it appears that experimentalists might achieve

better approximations to (K,S) by using measured values of (Rd.R )  wi th

I this Rd chman thecry t h an  they can w i t h  t he  st an d a r d  K~ t i - - r~ . i V

a r~ - i i  flT - I i -  - I i :  1 ‘c’ F P f lt  h i -n i  d I r i~n t j nc ; ‘  r’uI  t ‘ il :1 ‘ rc~- t -

I The comput er Pio~ r sm: wer e  dP\’Fln1- i~~ 
i cr s ~~rt  d~

b r i e f l y  in  appen~~i :-: !~~. Complete  documenta t ion  an( 1 l i s t i n g  is ava i i~~b 1e

from the author  on r e q ue s t .

I H. Petal t

N u m e r i c a l  r e s u l t s  are reported here fo r  a ~o-l ectcd number of samp les

and wave l eng th s .

— _  — ~~~• - ‘ • - _ t  - —SI .,. -~~~~~-—— 



8

t
The th ree  samp les reported were c o n s t i t u t e d  as f o l l o ws : Sampl e 1 ,

BaSO
4

; Sam p le  2 , BaSO4 p lus carbon ; Sam ple 3, mndcl  dus t  + BaSO
4
; that

I i s , the  model  dust  conta ined  carbon , ~:::lT on ium sul f a t e , and clay minerals.

Table I l ives t h e relevant parameter values wh i ch were ass igned . These

I svalu e s  were quoted as typical  fo r  these m a t e r i a l  con s t i t uen t s  of

atmosp heric dust aerosols. The BaSO was included in all these model

I 4

samples so t ha t  they would he r e a l i st i c  models of a c tua l  powder samp les

I used in some diffuse reflectance spectroscopy experiments.

The BaSO
4 

particles have a fairly narrow size distribution centered

I around 0.5 pin mean radius , approxim ately. The carbon and (NH
4

)
2

S0
4 

are

similarly sharply peaked , but are centered roughl y around 0.25 pm

- rad ius .  The clay minerals distribution i.s fairly br oad , betwecn 0.03 pm

and 5.0 pm. -

Th e values used for  the ref rac tive ind ices i-i , K , and the mass densities

I p, are in agr eement with those given in several ha ndb ooks, such as that of

the Geological Society of America (GSA) .
9 However , the GSA handbook lists

- 
i the mass density of graphite as 2.267 gm/cm3, signif ican tly large r than

I t he  fj ~’ure 1 .7  ~‘m/cTn 3 v !i c h  was used for  carf ~on soot in  t h i c  wor k .  It w;~~

I - • c i U - i j r 1- ( V ,  l i i i  , 1 - 
(
~ 1I (‘in - I - ~ - ; 1’ I - -

I tcr S e ct . A t : i i n .  i t  i s  n o r th  e~~p 1 s c iz i n g  t h . -~ t he  t r e r - I c  r u ~x’i - ; : l e ~ ~- V  ~1 l

~~- l l o wj n~ r & - ~~u 1 t  n r &  i r c - en c i t ive  to  t h e  ;~ cr u r ~~ Cy of  t i n  p - c t - i  3m ;; c- f ~n

actual powd er samp le.

I The following tables disp lay the results of the computer cal culations

t i  TJ ’f Iv  I ;ii~~- I C s , i t  \~ fl V e~~ c f l s ; L h i T -J A O.(, : i i - -  1.0

.1

U
- - 

- — ,.t- — • -  . .- — ~~ ~
.-. -. • - S t ~~~ ~ _ -i - F- - - - I . . •- —— - - ——-—— , —-.- - .— — - — .  —



H

r o i~ o io i~~~~~a ~~~~~I c-n in

N ,~ u .n ,~~
I ~~~ CD CD C) 0 CD C C)
I . . . .

(II ~~ 0 0 CD C

R ‘ O U ) Q )  oo ‘1j CJ -~-4 — - ________

- U ~i U 0 CD CD C C C C

~~~~ C) U) C) r4 CD 0 0 0 C) C In
Cl O~~ 4 )-i

C (C4 ~O~~-4 U) _ _ _  — _.__ —- _____- -

~~- 4J~~~~~~ C_i
~_I (I) ~~) .-I ,-4 —4 ~-l ~-l .—4 C)

-• C u 0 C) C C C C 0I U)~~.-4~~1.I . . . .

11)0 ‘—‘0
C )C  r-~ _ _ _  _ _ _ _- 0 1 U)

I U) I-i l-i In LO in
U) U) CD C) 0) In In N I_i N N

- I~~~U) . 4.J~~~~~ 
. . . . . CD

C 0 ~~ 0) 0 C) CD 0 C C C
Z C o .  -a-

- —S ~ ~-4 C) --- - - - - - -  — — - -  __________

• c_ . 0 c C ,r CC CC 0 a- I 
‘—‘ U)  0. 4-i (1) 1.J t~ P C C C C)

Q ) C  S n  C C C C C
r4 r-4 (ci cci a a a a o

ID. 0 0 (1) C) CM c-i) CM 00
00 F s~ .,.4 i~~
rl CC . 4 J  - - -

• C ) U ) C~~~~,..-S ,—. I.—

- -  ,-I U ) ,-4 CC C . . . .-
- 

I t-n in in r— in r—. r—. .o
- 

~‘- ~ -0 )-i U U -a- ~ 1 -1 ,-4 r 1 N
0~~-~0 0 0 0 )  C

0 00
- c w -

~~ •-i -._ - _____-

I C) ’4-i~~~-4 ~~- U O C ) W~~~ C
~~ S - cn .-i o - in

C) (I) (Ci ,1 t~ ,—~ O\ C C~. C C C
- 

~~~~~~~~~~~~~~ 
. . .

C ‘-‘ o m 0 a-.
C C) 1-~ C) I I I  P. C C’

~
_ I ~~~~~~~~~~~~

~~~~4J ~~~~~~~~
U) 0 - - - - ________—_____

01J 4~) -
‘—‘ 0 ) 0  .~~~~~ C

1 : 0 cci .~4 CX) CX) .O CX) ‘-C) C) C

~i ( I  S ‘--j 0 • C C C C C
- ; I U) O i J )-.~~~ . I

1. - .—~ - -

I 1 I I
— - c ‘— — -  - 

- -
U - - - - -- -  - -  •-- I  O 0 ) C C 4-J 4J -a- -a- -i- -~ o

U ~ C) TI sO ‘-1) c5~ U) (~ C in
( 1 . .—. - - 

I 
. 

I 
- J ‘~~ - 

- -  I ‘~~ 

_ _ ~_; ~_ __________ _ _____ _~ i _ _ _ ._ _~ _ _._ ._ _ 

I 4-~~~~~ C ) D -H 
-r.. cC ,0 c- -a • I

0 0.F-~~~~C) ~~~ C) I C C N
C -11 -a- 0 -.i 0~~~~-’5 0 0 0 .n C o -.i .

0 11) r-4 d .  (I)  U) ).i ~J )  ~ C
C (i cci CC CC CC ~~

C) U

‘ 
4_I C CM 0 0 ~ L) ca 13 ‘-.- U

• . ‘
~~~fl 

Ti C) c.
1 1

-~~ I~ 
- - 

I -  . 1  (N 
- C_i

1 1  ---
~~~

- - - --  

- p... -
~~~ . 

— -.-—-.-- -.-—- - - . - —  -



C’ C’ CO C_i C’ -a- 10
I - I I I i I I I

- C C C C CD 0 C 0r-I ,-4 .-I .—I r-4 r-I

1< ~C .—4 C’) CO C_i C’) cf~I — C’ C’ CO CO C CC) 40) c’)
I CC , -  0 0 N- N- 0 N- C r—

C (0 C’) —C- a- C”) —C- C in in
- .1 . . . . • .

U) - (C-’ C’ r_I ~~I C’ r-4 C C’ r-4
C) 

______ ______

I ‘—I — - . —— — —  —-— ---—- - - _______

I 0-. C_i
( - s  —1~ in c_i i

• - I I I C
CD C C  r-4
V -4 i—I ,—4 TI- 

,_4 - .-4 C_i N- (N 0 t< —C- C_i

I ,—4 C r-i C SO ~~4 N N-
~J ‘a ..-4 —‘. CX) CC) N C’ N- N CC) (N N
•~-I 0 ~~ ~

- 
~ ~-4 ~ I N- ,—I ,—4 N- C-’ CO N

U) - in in -a- ri ‘0) —C C’) ‘.0 in
C -t~ 

S.— . . . . . .
C_i 14-i C) C C C~ C C C’ C_i ,-4 C

CC -C- in

s

-a 0 1-4

I-~~ U ) 0 .  I CO C_i
C C I  I. .n5 o - ,—I ,_I C 0

1 5 0 0

.
~-4 .0 - ,—I ‘—4 C cx) in U) 0) C’) ‘.0I C ~-‘ 0) C’) N- CD 0 >1 ‘.0

- - I ~~~ CX) ~~~ 
Cc) N- ‘.0 CX) in N

,-  U) 0 I CO ,—. - --4 —I ‘.0 r-4 , 4  U) C’ .-4 C’)
C -iJ - C in in C’) LI) in N CO ‘.0 in

‘-~~~0 
. . . . . . -

• C.) Ci) • ‘-— 0 C -C- C 0 -C- C’) i—I C
b U) ,-I’” _____ _____ ____

4 1 C) U
.-I 0 < U CO CX) -C- -C- CX) LI) if 

~ 
U)

• I I I I I I I I
U C 0 C C C 0 C) 0

4_I - tIC I 4 ~ 4 V-I ,—4 ,4  r1  V-I ~~4

I X ~ ~ ~4 ~I0-. - _ C_i in N CO N-
~~~ 

- U U) U) in in —1- in ,—4 N-
14.4 • ~ C) C) C C C C) C’ C’
0 CC U - ‘-— C’ 0’ N N C’ C—I 0 ‘.0 CO

S-_ ill I - . . . . . . - -

I
C) C) ~ I .—I in in 1-1 in C .—1 ‘.0

i 1-i C C C )
- ,—4 5 ~ 4 N N CO N -C- N C_i

0 C ) 4~~ ID. I I I N I I I I N
~ - .‘-4 C C 0 C C I 0 0 C C I

C) C) C) c—I ,—4 c--i C ~ 4 ~~4 1-4 r-l C

I C)~~~i ,-4 U) c-I
c-C~~~~~U (0 X ~It lit lit ~ICC L i ~4 V-4 .0 I

I)) 44.4 0 Z . . so U) -C- N -C- C’ N
11) 0 t4 ci C ‘.0 U) —1- —C- ‘.0 -a- CO C’) N-

C) C) C) (0 CO N- N- CO N- -C- C’) N-
ci 0 . • . • • •

C U 4-i -C- —1- CO —C- —C- C’) c—I C’ U)
I -0  0 — ___ _ _ _ _ _ _ _ _ _ _ _ _ _

- C--i N N
I I I N

- C J E-4 4J C C 0 I
0 5  •,4 V-I ,—4 c-I C

I 
U)

1~1 . 5  lit ~I Ii: 1-4
0 ) 1 - 1 0)0) CO
4-’ 0) .-I ~O ~~s C’) N N ‘0
0 0 U CO CO -a- CX) -C- —C- ,—I
CC ‘0 .0 U) ~~ ~ i c—I ~—l c—i c—I .—I C’r 4 . J 5~~~~~ U) ----- . . . .

I U) ci CC 0 0 (0 CD CO CO —C-
C C E 

- 
‘- —

~

-
~ 5 - - C ~~~. 

- 
0 ~t’ C c - ’

1 0 1  I • I •

I ~ 
L.~

i-

~

----

~ 

~~~~~~~~~~~~~
Ø 0 ) )

~
I U) —C-

• 11) r4 CC ~~~ I 0
C C) I U) C_i

. n 0 . 0C )  C I-i I C C’-) I-i

H o  C) 0 0 C ,C) 4-~ I 0 ,a -a- ~~ 1_II CC I-i 4-c c--I C -M -C 0 ) I —1 0 -~~~

U) ~C -‘ C-. C/i U) ~~ I-I U) 1-i -
~~ CC S

F CC C) CC -c-I CC 
~~ c-i -~

_ _ _ _  _ _  

: 

_ _ _

‘~~T ~~C- - — - .-  ~~~~~~~~ - — - - c r ~~-~ -- — -  — 
~~~~~~

- - -— - - 



11

$ r N-
U) N- U)

I c--I H N
(0 C) C C

H c-I H

‘ 
C:> 0 C

-C- CO 10> C) 0 Cc) in N- LO)
o c—4 N N- CD CD —C- -a- —C- C’0 C_i N- 1_i C’) N- in -x CO ‘.0
‘.0 ‘C- CO CO -C- C ’) C_i —C - C_i C_i

- C) ‘ c—I H c 1  H ~—l c—I c--I ,—l c—I
10)

(54 CD C CD 0 C 0 C CD C)
CC) 0 

- - -

‘—a 4-i —- — -

C— SC) C— ‘—4 C C) C’) ~~I C)
Ci) (4) 0 C’ in —C- CD CC) CO CO in —C-
C ~— I ( N  N. s—i C’) 0) c--I C-I CO C )  C_i
0 r-I CO 0) 0) CC) 0) 0) CO C) 0)

-c-I ‘—V CD 0 C CD C ç) CD C) C)

CC 0 0 C C C C 0 0 C
H • - ___—---- ______— ____

C) C)
• 1-i c—I H If ) N- CC) C’ C) 0 0) CD C’

0-. —‘.I CO U) C_i CO U) N- SC) —Zt C’)
C 0 ,~~~ N- H N N- c--I (N CI) (SJ C_i
ci 0 C CO 0’ C’ CO C’ 0’ CO C’ C)
U) ~~- 1 C 0 C C C C C C) C)

0)’—
.0 t4-1 C) C C) C C) 0 0 C C)

0 ____— —--- — - -- - - -  - ____—

C 0) C_i -C-
0 .0 I I I
1-4 4-i C C) C)
4 4 . 4 0 .  - H c-I c - - I

i 0 ) - a
‘0’0 0) 1-4 lii
C) Cl)
-~~H i CC CO C’) C
(i C C  N C’) ,—I C
~~~ U 0) H -C- CO

c—I -c-I I—i (4) C) C_i
Ccii-) Q)

C_i c—I H
C) 0

Ci)
c—I C ‘-0 sO U) CO C’) C_i -C- -C- —C-

I C/i d) 0 i 1 1 I I I I I I
I—i s-I C) C) 0 C C) 0 CD 0 C

- C) i-I c—I H H c-I c-I H H c-I c—I
~~~~ C)

C) ID ‘
— 1-4 lit 1< 1< X X  S 1-it

0)0) i 0
i_I 44-i C in in C) H C CO CO C’ —C-
5 ‘0 ‘~0 H CO C) in I_i —C- 0) —C c--I
C) C C) ‘—‘ —C- C’) C in H C) C’) C_i C’)

C •c-I CC U) N- sO U) C’ 0 C’ C—) N C-I
C) CC
s-I 0) 0 C’) N N C CD C H H c--I
4-i C) 0.
44-I C
0) 11) • ‘0 ‘.0 ‘.0 SC) C_i C_i C_i -C- -C- -C-
0 ’0  Ic—I I I I I I I I I I
C) s-i CC) C) C C) C) C C) 0 C C) C

C) C’) s-I c—I .-I H c—I r i  H c-I c--I c-I
4-I

1-4 1-4 1-4 1-4 5 1--I X X 1-4
) 4-I 1-~ 0

C -c-I CC C-) 0 H c—I C C’ C’ C’ C_i 0)
I Cli 11 1-i. c-I N- c_i ~ , C (N U) CO (0 c--I
C C 0 )  ‘-— N- C-i U) CO CC) C’ C—. —C- ‘-C’
~~ ci I fI I~-.4 

u-i N- r—. N N N ~~ N- C- --
H .
0) 44-4 ’0 C c_i c_i CO H H c--I H H ‘—I
f) 0 5 

_____ - -  -
:i €Ci
:~l Ci) SO SC) U) U) C_i C_i C_i <C -C- sO

I I I I I I I I I
C) H CC CD C CD CD C C C) C) C—) C
.0 tI0C’l H H H H H H H H .1 H

-
. E c )  II

C C _C °~~~ X X  1-4 X X X  X X X
• H s-I ‘--‘ C_i —C- C--. C CO C_i c--I c—I CO

C E
CO (ci ~5 .0 ‘—‘ C’ sO C_i H —C- CO 1/) in C’)

1-i 4~J N- C’) SC) CO CO 0) C— -C- U)
C) W ’0  CO in C--. N- C’) C’) N SC) N- N-
H~~~~~ 0 ) C
0 C) 1-i C) H C’) CO CO c I  H H c-I H H
CC CO CJ H ci ‘0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
I-I 0~~Q) 0 _ C ? —

1--i U ~‘ 
s-I 1-’ ‘.0 —C- U) ‘-C) -C- U) U) -C- U)

0 0 CC 4_I P. II c—I ‘0 it) c—I U) if) ~-I U) LI)
i4-I U~~C 0 . 0)  C’) C’) C’)

C C )  I—

I C) C
c—I —C- — C - o  -C-
P. H O  N C .0 C_i 0 1-)
C U) If) 1-i 0 ) 0 )
cci ci Ci ci 

I
— —  - —- - - - -  - - - - — - - - —



~‘ 2

Table 4.  Total , d i f f u s e  r e f i  octane 11 - I fo r  the mol-1:1 samp les from
the  accurate  mu l t ip le s c a t t e rin g  calcu ’ U O nZ ; vs - - I - [ c h m a n  the ory
( ap p en d J x  C ) .
Wavelength A 0.6 jim. Far field phase function’; were used .
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I T a b l e  6. Near ~ ic-id vs. far field colupar isons of reflc-ctances
g vec i by t h e  a -cur  i t o  m u lt  ip i e seat t -r in5 cal cul;i I ion and b y t h e

~ 1’ - chman theo i-’i for  samp l e  2 (T~aS04 p lus Carbon)

Wave1c-iis~L1i A = 0.6 jim.

I --
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~(1

depth 0 Multiple Scattering Reichman Theory
yd~ T Theory

- 

FAR NEAR 
_ _ _  _ _ _ _ _ _
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Table 9. Total d i f f u se  ref 1actance~i f o r  t h e  mod~1 samp les ,
from the accurate multiple scattering calculations vs. the Rcichman
Theory (app endix C).
Wavelength A = 1.0 pm.

- Samp le Op~ l e d  dep th  0
0 

R ( f 1 C C t ;ince~
T yd t4ul tiplc Reichman

$ ______ 

Scattering

1 0° 0.75/0 0.8368
BaSO

4 
16 12° 0.76(~3 0.8384

—-_____ 60 ° 0 8 3~~ 0.8734

0
0 0.9280 0.9550

64 12° 0.9290 0.9555
1 60° 0.9512 0.965 1

0° 0.9800 0.9884

1 256 12° 0.9803 0.9885
_____ _____ 

60° 0.9864 (.9910

2 00 0.7381 0.8~ 45
BaSO

4 
16 1.2° 0.7415 0.8163

and 60 ° 0.8198 0 .8555
Carbon

00 0.8572 0.8855
64 12° 0.8590 0.8866

60° 0.~~002 0.9106

I 0° 0 $619 0.8868
256 12° 0.8636 0.8878

______ ____ 
60° 0.1)014 0.911;

I -

~~ 3 0-7548
n~so 16 12 ° 0.7581
1)ust 4 60° 0.8335 0.8713I ~~~~ 0° 0 .9174 0 9433

64 12° 0.9185 0 9444
60 0 0.9437 0.9561I H° ~~ 948~~~~~~~~ O 9 ~~~5 

-

256 I 12 ° 0 .9493

I j~ o° 0.964 8 IO.96$
~

I
I
I

k 
__________
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C. Discus.~ Lou of Results

1) 1 - l a t  ion between imag inary index and abserp i  ion c o e f f i c i e n t .

The d ISC - li iOn in appendix 1) shows that , in gi-iieral , the plausible hypo—

t het  teal  r e l a t i o n  a -
~ Nv(4rK/A) is bad l y violated . The results in Tables

I 2 and 7 r e in f o r c e  this cociclusion; the values of a’ vs. a show discrepancies

of a factor of two or three. For exatnple , fo l l owing  the reasoning in the

I latter part of append ix D, one could attempt to predict a value for K of

c~tr bon , f rom the correct calculated value of cc given in table 2, for

I A = 0 .6  pm . , using t h e  p lausible relat ion above. From table  2 , samp le 2 ,

I 
for carbon , v 3.142 x io 2 (pm) 3 , N = 3.744 x ~~~~ (pm)

3
, a = 5.205 x

—1
(pm) . The hypothetical relation above yields K = A ct/4-ir Nv 0.2 1 , ra ther

than the correct  ( input )  value K = 0 . 6 .

2) R e l a t i o n  between (K ,S) and (K ,S).

I Tables 3 and 8 disp lay the values of K ,S calculated from Eqs.  (B2) ,

- 
us ing  thc- accura te  mult  ip le  sca ttering val ues of (R d ,R )  - Experimental ists

o f t e n  hypothe s  i -ic that  these values should be equal to (K 2co , S - 2~i ) , 8

I regardless  of the  beam ang le of incidence or of the  op t ica l  dep th  of the

e. The ca lcula ted  resul ts  in these tab]  t a  show tha t  (K ,S) depend

I somewhat on both 0 antI d. h owever , in the cases of interest , samples 2

I 
and 3, settii)g 2a equal . to any of the K v a l ue .; leads  to  an error of less

than  20% , which  is probabl y a c c e p tab l e  at present. But the values of S

I st-c-Tn much closer t u Il i iso] I r a the r  than to 2i~~, the  expected c o r re l a t i o n .

T h e  on ly  l a r g e  di s c r ep a n c y  between K and 2a o -cur r ed  at bo th  wavelengths

for the pure IlaSO 1 samp i i - - h’r act  Icall y speaking , thi is Is i r r e l e v a n t , s ince

the absorption due to BaSO1 In a mixture is probably  neg li g i b l e  in ino~~t

I
I

- c- - . — - . -. - - ~~*— -~~4 - I ?P~~c- - — — - - - - - - - 
-
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actual experimental cases , and is certainly n eg ligihle in t h e  model samp les

t r ea ted  1 -  a~u .

The com )t I t e r  ca lcu la t ions  - r  e accurate  enalig hi so t h a t  the  abovo—r ien ’ ioned

di sc repau c  ic- s (S ~ r a t h e r  than  2~~~, K >> 2ic f o r  t he  very ( e a k  absorber

BaSO
4) ar t - probably real , not j u s t  a rL i f a c t s  of the  arithmetic. If SO ,

it may be conjectured t h a t , since the model samp les all contain closely

$ packed ba SO4 pa r t i c l e s, wh ich are st r o n g  reflectors , the origin of these

discrepancies m ay just be what is di~~cu., -~--d in  append ixes  E and I , nam & y ,

the f a i l u r e  in principle of the stac-idard radiative transfer equations for

- closely packed s t rongly  r e f l e c t i n g  or absorbing media .

3) Near field vs. far field phase functions.

The underlying theory for the near field ph ase f u n c t i o n  i s  d i scussed

in append ix A ‘1 ,les 5 and 6 present  comparisons . Mth ou~h t h e  angu ’~ar

I depend ence of the  near field phase funct ions is s i g n i f i c a n t ly d i f fe r e n t

I f rom t h at  of the corr espo nding fac  f ield ones, the total reflectances ‘:ere

not very different , for the samp les consid ered - Table  2 shows tb -I t  the

$ packing f r a c t i o n , the r a t i o  of the actua l  volume of an a v t - r q ~e i i r t i e l t -  to

the average volume subtended per particle in t he  r i ix t u r e , equal  to Nv , ~- i s

J of the order 0.5 for (bC-Se uanl)les - It is p o s s i b l e  that  l a rger  pack ing

I f m et i on s  w o u l d  produc e  greater ci i f  !:crenc -s le tween  near  a CI d  f a r  f i e l d

predictions of refi c-c t  anr t s ;  t h i s  r e ma i n s  for f u t u r e  work .

I I,) Re l ehman  theory  vs - full mult ip te s(-a t t er ing  theory  -

The R e ichm an  t heo ry 2 
i a d i a cussed in  a p p e n d i x  C - Tab I es 4 , 6 , and 9

I g ive comparisons - The di  sc rep an c  iea  are genera l l y a round 107 , so t im is  two—

flux theory, wh i ch takes i n t o  , ic - rount  the  Inc 1(1 -u t  beam d i r e c t i o n , could

in p r in c i ple be used to ev iluate (K ~
- 2cz , S 2t~~) from reflectance d a t a .

1’

- — 
~

- - — — — —~~~ 
. - -

~~ - - - 1 - —. - - - - - — — -  -————--
~~ — - -- - --— - 
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The f or num i  ;c; a cc- m comnp l. icat ed than  t hose of t he  Li~-1 t h e or y ,  and mo m -c

data :i a needed for  each a t tu ; ;p t c d  c - v a l u a t  ion , bu t m n - c r  i m m f o r m ;t L t o n  about

~ Mie theory pa rameter s  is  ob ta ined , l ack ing  an error  a n a ly a  i s , it is

d i f f i cu l t  to e st i m at e  whet~ mer the  Re tru man I l e a r n ’  would he inu re ac-curate

$ in p rac t  tca~. p r e d i c t i o n s  of (K ,S) than  th ie Kit t h e o ry .

IV. Theoretical Stud as

The fundamental theoretical s tudies  which were done d u r i n g  t h i s

$ invest igation centered on the problem of mu l t ip l e  scat : - r i n g  in closely

packed st ro ngly ab.4orhing or strongly reflecting mc- clia. riwo major q u e s t i o n s

ar ise  in t h i s  problem . The f i r s t  quest ion asks whether the standard differ—

I en tia l  equat ion  of rad iative t ran s f e r  should be app licable to such media .

‘l’ce secon-i , w h i c h  ar i se s  onl y if the f i r s t  is ~~~~~ ;wer ed negativc-lv , concerns

I whether  a su i t ab le  equat ion  of t r a n s f e r  can bc f o u n d  and solved .

In t i m  i s  work , the f i r s t  quest  ion was an swered n e g a t i v e l y ,  and the

second a f f i r ma t i v e l y .  The d e ta i l e d  d e r i v a t i o n s  anti  c l c t il a t i on s  are pre-

sented -in appendixes E, A , and I . In a p p — n d  ix I , i t  is  shown t ha t  t ime  new

radi;i t  ive t r a n s f e r  equa t ion  shoul .d y ic- I d  ;i gn i  f I c ; i m i t  ly d i  I f e r a u t  r - s u l t . a

than time standard equa t ion , in many  CaSeS of pract teal -interest.

Si nrc- t he  proposed new equa t ion  of racl i at  lye  t i- a n a f er  may h ave pm - m e t  i - i i

Consequenct-a , it ~i s important to achi i c-ye a thorough m i i m d c -~r st an d  I ng of l i e

I log [cal at  c-ps which  I ead to the  equat ion - For the  i n i t - r e s t  ed rc td - -r  , t h i t -

logic pa th way  s t a r t  a wi thi a p p e n d i x  E , then  gaes to ap p e n d i x  A , t hen f I nal ly

I ° app end  ix  i -

I n  ap p en d i x  E , a m ode I one— d i nmons i  onal random sea t  t c-r ing imied i ti m is

I c o n , t r u c - t m - c l . The rne d i tun  consis ts of a at  r etched  f r i c t  f o n le s s  s t r i n g , w i t h

I
I 

- -  - -~~ 
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randoml y but  homogenousl y p l aced In se r t io n s  of segments of a frictional

I stri e~~. T h i s  nme diu mn con tains  ana log ies to every  major feature of a

- 

I 3—d ime-is-tonal  random scattering mnc-d i irm . The wave notions are of course

the t ransverse osc i l l a t ions  of t i m e s L — i r l g The exact equat ions  fo r  th me

intensity transfer through the medium , which are the complete analogs of

the equations of radiative transfer in a 3—dimensional medium , are derived

and solved without approximation. The equations turn out to be difference

I 
ra ther  than d i f f e r e n t i a l  equations ; they reduce to differential equations

of standard ( t w o — f l u x  theory) form only if the inserted scattering segments

I are very weak absorbers and reflectors . The exact solution of the correct

diff erence equat ions for  either strongly absorbing or strongly ref lec ting

segments is quite different from time incorrect differential equation

solution , and the expressions for transmittance and reflectance are also

- quite different.

I In appendix A , the derivation of time usual 3—dimensional differential -

equat ion  of radiative transfer5 is done in an unusual  manner which is

p a r t l y analogous to the derivation done in append ix  E for the one—dimensional

I 
case. Iriddled , a d i f f e r e n c e  equa t ion  (E q.  A6) arises in this derivation for

the 3— dj nmer -msj on a l  case , and it is necessary to r e q u i r e  yf << 1 in order to

achieve t h e  usual d i f f e r e n t i a l  equa t ion  (A9) . Her e, y is the extinction

coefficient of the medium , and 9. is the average i n te r p : ir t i c l e  s e p a r a t i o n .

I If -y R. <-z 1, then  the change in intensity across a monopar t  i d e  layer  is

I 
neg i i g ib ic - . But if y9. is  not v e r y  small , there wi ll he enough change

across a monopar t i c le  layer that : the difference equ ation results -.- ill

I disagree w i t h  the  d i f f e r e n t i a l  equat ion  r e s u l t s .  T h e  v a l u e  of y t which

should he used as a break po in t  between time two eq mla t  Ions depends of c-omi r sc -

I
I
— — — .. — — 
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I on the accur:e-y desired in a calculation. If accuracy 1% is de. - i r e d ,

then tie- d i f f c r e ne c -  equat ion , r athe r  than the  s tandard  d i f f e r e n t i a l

I equat ion , should probabl y be used if y~ ~
- 0.01.

Al though a near f ield ra ther than a fa r  f ield phase funct ion should

I be used , in pr inciple , for  closely packed media , the  computa t iona l  r esu l t s

quoted in section IV imply tha t , pract ica l ly  speaking , the two are

eq uivalen t -

I In appendix I, the difference equation analogs of Eqs (A18), (A20)

are derived . These difference equat ions are applicable to problems with

I (x—y) translational invariance in whi ch azimuthal dependence is irrelevact ,

I such as the problems which were treated in this work . Methods of solution

are discussed ; a combination of the  m a ny — f l u x  method ’° and the  doubling

I method is suggested . It is also conjectured that  pres~ nt Monte  Carlo

methods might already be solving the difference equation , since th ese

I methods treat the radiative transfer in discrete  steps , c o l l i s i o n  b y

I 
collision.

Al so in appendix I , the t w o — f l u x  d i f f e r e n c e  equa t ions , analogous to

I the KM equations , are developed and solved . The results are contrasted

with the corresponding KM theory results. By means of two realistic examples .

it is shown that the discrepancies between the two theories probabl y h ave

I 
practical significance . In fact , one of the examples i nvolves the realistic

BaSO
4 powder m odel which was used in time computations in this work. The

I parameter values in table 3 lead to ~_ R. 0.283, indicating that time

differance equations , rather than the differential equations , probabl y

I should have been used in a l l  the computations which were reported ! Time

did not permi t  t h i s ;  it is left for future investigation . However , the

I
— — — - - .  - - - — , — ~. 
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p r i n c i p a l  sent- i - -  of e r ro r , in  ob ta in ing  values of (K 2a , S E 2~~) f ro m

d i fl i;, - reflect ant -i- da ta  b y i ::-ans of the Kt- I theory r e l a t i ons  (B2)  , l ies

I 
in time m m ci ~l -ct of the incident lmeam n angle dependence; th is neglect would

not  h e  r*-nov-~d riert -ly by use of time difference ei~mmation analag to the KM

U equat ions . And , of course , mult i p le s c a t tar i n g  has no th ing  to do wi th  the

l a rge  error  in the hypothet ical  relat ion a = N v ( 4~ K/A ) which has been used

I to obtain values of K from the value of K = 2ci determined as above .

I
I
I

- I
I
I
I
I
I

I
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- 
AP PE N I ) IX A

- 

RAI ) IAT IVE T RANSFE R THEORY ANn NEAR F] ELI) PHASF . FUNCT I ONS

$ Imag ine  a beam of r a d i a t i o n  inc iden t  at  none angle  0 ~- ‘ith r e spec t

I
to the normal to t ime p lane s u r f a c e  of a homogeneous random s c a t t e r i n g

medium. If the beam has a cross—section broad enough m to sub tend a very

I large n umber of pa r ticles in the medium , then , fe, .  purposes  of analysis ,

the ac tua l  col lec t ion of pa r t i c l e s  of d i f f e r e n t  op t ica l  types and sizes

may be rep laced by a collec tion of id entical “average” particles , as

I 
follows.

Define : N total number density; N . = nunmbor density of type i

$ particles; f .(r)dr = fraction of type i particles with radii in (r, r+

dr), fdr f1
(r) = 1; 0

1
(r ,s,s’) = d i f f e r e n t i a l  s c a t t e r i n g  cross—section

of a p a r t i c l e  of radiu s r , type 1 , f rom direc tio n s ’ to s;

I ~sca (T)~ 
0
abs

(T
~ 

= (extinction , scattering, absorption) cr - ;—sections

of such a particle. Then the average particle has time following differ—

I en tial , extinction , scattering, and absorption cross—sections :

I o(s,s’) N ’ 
~ 
N iIdr

(Al)

I C E N 1
~~N . Idr f . ( r ) c 1

( r )
ext ,sca ,abs — iJ 1 

- - -I (X t  , s( - , al - -

I lie re and in what fell own , s , s’ a r& - u n i t  vec t ors - I m ag in e  the  m e d  inn

U 
divided Into identical cubical ccl is , wi r im side l e n g t h  equa l  to the

average interparticle spacing 9., wi t im ~~ = 1/N .  Ea ch c e l l  c o n t a i n s  one

average particle , on the  average , 1 ( s- at  i’d r a n d o m l y  w i t h i n  t ime ce l l .  As

— —~~~ ~~~~~~ — -~~~.. .. -— - 
- S ~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— — -  

~~~~

. . — -  — —  - —
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t
long as the randomness  in ~a r ti c l e  l o c a t i o n  ex t  ends over a w a \ ’( - I c n gth  or

more , r ad iat  ion in t en -~it i € s ;  may be u si d , r a t h e r  t h a n  p h a s e — s e n s i  t~ ive

ampi. i tudos  -

Consider the ccl 1 wi th cen te r  at p o s i t i o n  x , and r a d iat i o n  on t h i s

cell in d i re c Li on  s in d~ - The orientation of a ccl.l is i mm at er i a l  so
- S

it may be chosen wi th two of its faces  p e r p c n d i c u l a r  to ~~~, for any s.

Therefore , the  inc i~~eu t  power on the c e l l  is

P . dP = 9.2 I (x— /2 , s)d Q , (A2)

where I(x— 9~s/2) is the intensity on the incident ce l l  f a ce , which Ii a

normal par al l e l  to s , and a center at x — is/2. Thi - bc-am cncoimnt t -rs

the average particle som’~ewher e  in the  cell , and scat t;crn and .~~~
- sr ~

radiation. The powc~r los t ou t of d i~ is t h u s

P d~ = a I (x— ~ s/2)d~ - (Al)
ex t s ex t S

On the other  hand , p a r t  of the  po’~~r f r n r ~ i n c i de n t  1~ - -ims-; 1 m m all other

directions gets scatterc-d into dN by t h t -  p a r t  id e; t h i s  power is

~sca dP~ = d~~~Jd~~~, a ( s~ s ’ ) T ( x _ 9 . s ’/:~,s ’)  (A4 )

where I (x — 9.s ’ / 2 )  is t he  i n t e m s -  I t y  at  arm im i c i d e n t  c e l l  face , wi tim

cen te r  at x — 5 s ’ / 2 , n o r n i l  p am 1 l e l  to  s ‘ - ~~ i’~~~ d11
5 

des i gnates the

power emerg ing from the  c~-1 1 i n  dQ , t l m r o u ; ~1m t i m e  cx l  t f ace  centered  at

x + 9.s/2, then

-— Ou t 
2 j  (xl ~‘; / 2  , s)c 1

~~~. (AS)

I

~~~~~~~~~~~ 
- -  - - - - - - - -
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Energy ba lance  r equ i re s  P = P . — I’ + 1’ , orout  l U  ext sc;

I(x+in/2 ,r) = (i-y9.)T(x-~ s/2)-~ ,?(4~ ) 1fd ~~~,p ( s ,~~I ) l  ( x- 2 a ; ’/ 2 ,s ’ ),  (A6)

where

y E Na
~~~ e xt i n i  t ion  c o e f f i c i e n t  (A l )

p(s ,s’ ) = (4 1T)a(s ,s ’ = phi .ca- f u ne t  ion .  (AS )

Remember, R~ N ~~~
. Now make a Taylor expansion about the p oint x. If

the change in I over distance ~/2 is smal l , ( w h i r l  will bc time case ii

<< 1), then terms proportional to yR. may he neg lec  ted , a nd l~~ .

A6 reduces to t im e s tandard  r ad i a t i ve  t r an s f e r  (II’) ( q i m a t i on ,

y 1s .V l(x ,s) _ I (x , s) + ( 4r ) 1Jd~ 5 , p (s ,s ’ )l (x , s’) .  (A9 )

The qe — n t  i t i e s  (o. , 1~) , the  (ab s o r p t i o n , s ca t t e r i m  
~
) coeffic li - n t : , a r e

defined by

- Na , No - ( A l P )abs sca

Note that y = c+(~, and th :~t the  phase f un c t  ion is  norma l i zed so t h a t

(4)
_i J(L P~~ ,

s’) - -  N 1 / N - i  = r-/~ ( A l l )

time (s n g I e s c;mt. tv r I n g )  a 1 ‘~ do —

Tim is me thod  of dc r i v a t  J on  t a k e : ;  i t  i - l i - a r  j u st  how time sca t  t t m -  i n g

— 
pr opc-rt  u i -s of tim e I rid lvi dual pa i t  i d  es in a ra ndo mn In i x t  t i r e  en t e r  j u t  ,

lie radi at lye transfer e q u a t i o n  -

An In t crest I ng p01 l it  am isi s for  d o ;  -— p a l - :i~ 1 m - d  I a , wi m e i-c .a ri -l i

I
— - - — — r - - . .- — - - g •-r-~ ----e - -.. - — -. . . - ~~- . — - — ~~~~~~~
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is not m uti c im b i gger than t ime av em -i ~’c s c a t ter in g  par t  h — I . The above

method of derivat iou makes it c1 ~ that the sc; ’ t orer in the next cel 1

(in d i r ec t i on  s) seca the  near  Z L e  anti/or i nd u ct  on zone f i elds ,

ra ther  than  the r ad i a t i o n  zone f i e l d s , f r o m  he sca~~t c-rer in the giver

cell. Randomness cf Sca t t e re r  locat ion e x t en d i n g  over distances > A

I s t i l l  a l l o w s  use of i n t e n sit i e s  r a t h e r  than p imase— sens i t i ve  q u a n t i t i e s ,

but o(s ,s ’) should he re p la ced by One ar ,~ ; ‘) in the expression for

f P , where  a (s ,s’) is a suitable near—field cross—section.y sca near - -
In this work , a (n ,s ’) was def ined  as fo l lows . Consider tLnear --

Mie sca t te r ing  problem , wi th  a spherical s ca t t e r e r  centered at the

I origin of coordinates , arid a plane ci s r  I ro n -iN s  - t i c  wave of u n i t  p ow e r/ u n !  t

area incident in d i r ec t i on  ~~
‘ . Let S(x ,x,s’) t i - c— a v e r a g e d  P o y n t im i g

vector of the scattered fields at distance x in direction ~~~. Therm

$ ~ (x ,~~, s ’) = -
~~

-
~~

- 

c~~~~
t )

sca~~~~
t
~~

I The near f i e l d  s c a t t e rin g  c r o s s — s e c t i on  is c l e f i m i e d  in t h i s  we ’~ : by

$ a ( s ,s ’)d f?  E x
2 s-~~(x , s ,~~’)( 1f l . ( A l ? )

I Note  t h a t  as x - ~~~, 0n c r ~~ ‘
5 ’)  

~~ ,s ’ ) , t i n -  u sua l  d ii ferent I nl cross—

I 
section defined in terms of the ;m sy m pt o t  ir  f i e l d s  - ihi: d u s t — u s - c  x i~as

taken to be equal to some factor t Uses the  p ar t  i d e  rad ius r , for eac h

I particle in a n m i x t u r i - , in th i s  work . Exp l ic i t  ~~ 0im ear  
was de f i ned  by

I 0
near~~~~

’) N
1 

~ ~~~~~~~~~~~~~~~~~~~ (All)

I
I

— -— -,-, _ - - - - - - * - -  - — — —
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I that is, the f i e l d s  used in cval tma t I ng time c rs: s—see t I on of a part i ci e

of rad ius  r - - r~- those a t  a d i s t a n ce  Fr from t h e  p a r t i c le ’ s c e n ter , sinc-

I these are approximatel y th e ones incident on the n e ig hb oring  pa r t i c l es .

If N = l/R .~ i_ s the overall number  d e n s i t y ,  v N 1
~~N .v . is time volume of

an average par t ic le , then the factor F should be chosen as

$ F = (P~3/v)L”3 = ( l/N v ) h h/ 3  
.

Note that F > 1 as long as there are air spaces between particles , wh i ch

there must be if the medium is to be a random s c a t t e r i n g  m e d i u m .

I It is s t ra igh t fo rward  but  n o n t riv i a l ’1 to show t h a t  t u e  above de f in i -

t ion of the near f ield  cross—sect ion y ields

I -

I (s ,s~ )dQ = a , ( A1 5)
j  near - — S sca
4iT

where a is the convent ional  a s y m p t o t i c  t o t a l  sc a t t e r i n g  c r o s s — s e c t i o n ,

I sca

independent  of x . Since any absorption by the  s ca t t e r e r  is  st i i c tl y

I local ized to reg ions wi th in the  s c a t t e rs  , conservation of energy $;hows

that u~~~~
’
~~ = a + a = a , also independen t  of x . J ) ef lm i e  t ime

ext sca abs ext

I near—field phase function by

I Pn ear (S~
S’) 4mm Na 

r
(s
~~~

’)/Y
~ 

(4~ )1J dP 
~n~~mr

’
~~

’
~ 

= 0
0

(A 16)

This phase f u n c t i o n  has a d i f f e r e n t  a n g u lar  cle !)cud eui ce than  t ime  f a r

I field one, a l t h o u gh i ts  normalization is the same . An appr opr ic ’t e

radia tive transfer e q u a t i o n  for  close—packed random scattering media is

I then

I

.,.-
--— ~~--- r~~~. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—
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y S - V T ( x , 5 ;) = -T(x ,~;) + ( 4 n ) 1J di~~i p ( s , s ’) I ( x , s ’) ,  (A 17)

I as l o ng  a-; y~ 
< -  1. Ii yR. < 1 , a s imp le d i f f e r e n t ia l  equa t  i on  i- -m not

he oht a i t i e d  f re~ E q - (A6) ; t h i s  case is con s i dem - ed i n  append  ices E and

I I .

For p ; h le :s  wi ti m (xy)—tran-;lation invariance , which are the onl y

ones treated in t h i s  work , Eqs. A9 anti A17 reduce to tim e form

1 1

p ~~~(z ,p,~~) = — y i ( ,j u ,~~) + 
~~ J dP ’Jd~~’ p(~m ,~~,~i ’ ,~~‘)I(z,p ’ ,~~

‘ ) ,  (Al8)

$ —l 0

I 
whe re ~~~cOS~~~1 ,~~) are the polar angles of the t i s it  v e c t o r  s w it h  r e sp e c t  to

the z- -d i re c t i oa  S ince  onl y to ta l  fluxes (transmitted mid reflected)

are of in te res t  i a t h i s  work , t l r  re levant  r a d i a t i v e  t r a n s f e r  e qu a t i o m i

is obtained by integrating Eq. (A18) over all azimuth angles ~~
- .

$ Define

T ( z ,p)  (2ir ) _ lJ d~ I(~~, P ,~~) ;  p
(O)

( p p t )  (2~)~~~J d ~ p (p ,~~,p ’ ,~~’ ) .

o o (A1 9)

Then E q. (A18) reduces to

I p (z ,p)  —yT(z,i;) + p~ °~~( p p ’ ) T ( z , 1m ’)

whicim Is t b i -  s t a n d a r d  azi  nu t h i — indep enden t  mad [at I ye transfer eq tma t  I o u r

I for  p ro h i l c - m.s w i th  (x y ) — t  r ;m n s l a t  lonal  i n v a r i a n c e .  Here , (~m ~i
’ ) is

I 
formed f rom e i th e r  the  near  f i e l d  or far  f i e l d  ph~m s~- functions discussed

above.

I
I

—
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If there ii ; a u n i f o r m  i f l c i d e n t  b r as , such t h at  I (O ,p , 4 ) =

~Fó (p—p )
~~ (~~--~~- ) ,  th erm I - (0 , ii ) -

~
- 1~ ( r i — p  ) ,  and 1~ (z ,p )

4 F~~(p_ p
0

)c~~~~~~ . Subst  i : e r t i n g  t h is  in to  (A20), w ith I (z,jm ) = I. (z,p) +

1
( , b ) ,  y ie lds

I
- — y z / p

~ YI di (zI
~
I) + -

~~~ YJd~~’ p
(0)

( )m ,p t ) I d . ( z ,p~~) + F ~~(O)(~~~~~~)~ 
0

1 —l

(A 2 l )

which is  t ime r e l evan t  r a d ia t iv e  t r an s f e r  equa t ion  fo r  the d i f f u s e  inten-

si ty I - (z ,p). It is t h i s  equat ion  which was solved a c c u r ;m c e l y ,  u r i n p

I di

computer  al gor i thms  based on the doubling  met -hod of Van de liii] st and

Hansen , for med ia of various thicknesses d (optical thickness T =

Both near  : ; m d  far f i e l d  phase f u n c t i o n s  were m used and compared .

I
I
I
I
I
I
I
I
I
I

- 
- 

- - - — — -- - 
- .— - 
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I ,\1 ’ 1 l?~Ii B

KU B BI h1A — ~ lP~1<

$ The Kuh e l  k a—N u nk (KN ) t h i o r y  I s equ ! val cot to  t i m e  Schus ter  ty o—

I f l u x  t h eo r y 12 of r ;.:~ I ;ition t r a n s f e r  i n  i) ian e  p a r a l l e l  hom ogeneous  random

scat ring u - s - - di n . In Eq. (A20), assume that

I (z,p) = l
+
(z) , p a 0; J(z,p) 1 (z), p < 0

I and integrate Eq. (A20) over O~ p~ i, and over 0~ p~ —1. This y i e lds  li me

KM equa tions

TJ = _ (K+S)-
+ 
+ S~

(~ 1)

I d~
(K-f-s) — S~~

I wh -re V 2~i , S 2~~~; ~ Jci~ Jd~~
t p~°~~(p,~~jm ’) ;  ~~- : Jdu p 14 (z)  =

1 4 1 4 = (rn i~ n i  t u i de  of) fluxes; ~nd ° y = a+
~+ 

+ ~~~~~ . N ot e  ~i mat :  ~ is t w i c e

ti u t -  b a c k — s c a t  t e r i n g  c-or f f i c ie n t  , and 1 is t w i c e  t im e absorp t I on coef fic i c ’mi t

j u s t  as in the  u su al .  ad hoc d i m  i v a t i o n  of t ime KM e q u a t i o n s  ~~~
. in t h i s

work , t he  I-i ilTP~ it- had ti m I - k m  - - ss d , ami d was p 1 aced on a b l a c k  b ack g r o u u u i d  ef

I r e f l p r t n m - c e  R 0. ‘l ime s o lu t  i on  of Eqs.  ( B ] ) ,  snh 3ect to th e  h i e m m n  l a c y

I 
Con(ii t louis (

~
S_ / i

+
)
~~~0 

= 

~ i ‘ ~~~~~~~~~~~~~ 
1~, 0~ Y id d $-i t ime-  EN u n a t  ions

• 
( 1— ~~) 2 

K l_ R
d 

R~, \
I -

~~

- = —
~~~~

--—-—— - Sd = - -— p- - - R.n l_ R
d/R~,) 

(B?)

I where R is the reflect nm n re ~ 1 r u m  iii fini t ely t i m  i t - k samp l e .  Th ese re h a t  .i ons

I
I

-- — — ——  --p- . — - - — -‘- — — --— —
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I
$ have o f t  en been used t o  e v a l i m n r t  r V , S , f r o m  u ;meas ur cd va lue s  of R

d , 
R .

In t h e  usual  ad hoc den i va t  1cm of the  i~~t t i l t -o r ) ’  - 
, t i m e  im-u I cl i n t

$ i I lcs~ s m t  ion i s  SU~~~OS ii t o  be e i t h e r  cI .i f f i m s e  and i sot r e ju i  c , ( -  i i  b eam

at ~ 60° (
~~ 

= 1/7).$ 0 0

N o t e  wel  I t h a t  the  t’~n : ) — f l u x  a p p r r m x l m a t  ion to t i m e  f u l l  RT Eq - (A20) is

$ very crude , and t h a t  a l l  directional effects which would he caused b y

bras  i ncicic ’nce at an sib itrary angle 0 , r a t  her than by diffuse isot rop ic

$ i n c i de nce , are lost.

I
I
I
I
I
I
I
I
I
I
I
I

— —  ~~~~~~~~~~~~ _ _~~ _ —S-, .__ __ - - - _ t _’
~~
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_
~ 
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I
Ai t h’ }~~~ I X C

KlT I CLP \‘. I

$ 2
Thi s  t w o — f l u x  t i t 5 - n r y , d~- -cn l o p € d  b y R e i c h  ems  ‘ s tam -t s  f r o m  i - q .  (A 2 1)

$ rat her tim -arm (A20) , sc’ i t  r ep re sen t s  an at tempt t o inc- i ode inc id c- u i  t b eam

d i r ec t  ion~~l e f fe c t s .  In E q. (A 2 l )  , ass~m l r n t h a i

I (z,p) I (z), p:~O; j  (z,p) = I (z), p<O ; F ~‘ 1;
d i + di —

and i n te gr a t e  Eq. (MO) over 0~ p~~l , and ovc-r 0>ji> — l - T h i s  y i e l d s

I d~~
- = — (K+s) 

~~ 
+ S :- + YP + (I i ) e  0

I ( C l )
- cM —yz/~r

— - = (K-I-s); — S~’ — yP (p )e °
dx - + —

- 
wimer e K 2zz , S 2~ , i~~ /2 , lust as in Append ix  B; am id

I 
1

+ (t ’ ~~) ~~
- 

(0) 
~~~~~~ t )  - ((~ >)

E q u a t  I ou r ;- (Cl ) a r e  vc-ry s I n i l  a c t o  time KM e q t m : t t  ion s  ( I t i )  , excep t  t i t : t

lie re , ~~
- a r e  cli f f i n s -  I 1 tux es  on I v ; t h e  i mc I c h - u m t  [ i r i s  I ; ;  - (z

I - i n

p

I dtm ii ~ ( t i — t i  ) e - B o t u m i c l a  rv  r e m i t  i t  l~~li ;; n u t -  
~
‘ (d) =

I 
2 o 2 —

( h i n t - k  b ;u -t gr o u i n d )  , t~ (0) = 0. 1’huc - r e f i e i - t  i i i  e -  i s  B 1

I - 
for a sam p l ( 5  cm f t i m  i ri u lt- - d .

I u m t ; - ~ 
- r;r 1 , (1 u - so h u r t  i o u m  of  t h u t  - m l  - eqs i t  I i i i - - ts i t  h t l i  c i t O i l i l c i  m

I cond i t  i oms y i e l d ; ;

I
I

* 
- 

- 
— — -—- -- - 

— 
,r~~- - :  — — 

- 
~~~

—-
~~~~
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1 2 J SD s I nh (L d ) + LI) e x p — y d / p  1
d p [ — (K+S) cos lm (Ld)  + L simih (1d) -

1 2 2
where L K + 2KS, and D~ y [O(-I-S ± y/p )P÷ + Si’ ]/ ( j

?_~~2/~~2).

I In the special case that p
0 

= 4 (amgle of incidence = 60 0) ~~d

= = 4 , P = w / 4 , (isotropic ccatterers w i l l  y ield tb -i s ) ,

Eqs. (C3) yield just the KM relations (~l2) for K/S and Sd in terms of

R
d 

and R0,. In all other cases , the expressions for K/S and Sd are

$ 
different.

This means that the original KM t heo ry  should he j u s t  as good an

$ approximation as this modified th -ory if 0 = 60° , and if time scattering

- 

is iso trop ic; but that time KM t imeory  should be len - accura te  t h man t i n ;;

( mod i f i ed  theory for beam incidence at o the r  angles , and/ or  for  non—

isotropic phase f u n c t i o n s .

In th is  work , the  p red ic t ions  of Rd,  B f ron t  th is m o d i f i e d  th -ory

I wave checked agains t  those from t h e  accura te  d ou b l i n g  method so lut  ions

of the RT equa t i  ons , and were found to agr ec-  u - i  t im in  1 5Z f i r a l l  s i m p le ;;

which were- modelled. Similar agreenemit i i i ;  I - c - i u  n o t e d  l t v  1-te i chm n ati
7 

-

Equa t ions  (c3) may he rewritten in th ( -  folios- i s~ lo L l , Wi t im t-xp(--~ iI /~i )  0:

I 8R (2 k Va 1 
— a )

R
d :‘ 

- 
2 

(C/i)
(14-K ) t (  t )

wh -re K/S 2 (l—R )
2
/2R ; a4 

~~~~~~~~ 
1 (1 I K/S)tm (1 + K/2~ ) I ~I r (1 - 

2Ld~~1 (1 -f I~
2 
e 

2Ld
) -

I For samp i es of o p t !  cal  th  I d u n -;:;; yd > 6 , t im Is is a v er y  good appr os  i nm ; t ~

t ion. In pri uv- I pi e , m e a s u l t - I l i t  u t - i t  a g [v eil i i  of N and Rd :1 t t i m

I
I

#‘
- ----- r -- ~~~~.~~~~~ 

~ 
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other d , wil l  all ow inversi ou m of E q.  (Ct+ )  to o bt a i n  va lues  of the f o u r

unknowns R , L, a+
, a .  In tu rn , knowle -~e of these four quantities

allows de te rmina t ion  of the M i t -  th~ o i -y p a r ;m u n e t e r s  (m ,I~~, y ) ,  or , since

N im ;  known the cross—sect ions  a , a , a fo r  time average p a r t i c . a

I 
abs s- -a ext

in the med ium. If the par t~c1e types, number dens iti es , and size

$ distributions are l:’iown reasonably well , Mb theory computer al gorithms

could be used to zero in on values of the real anti imaginary refractive

I indices of each type of particle in the mnedi ’mrn . This p o ss ibu  [ity  was

not pursued in this work , but it seems to mer i t  f u r t h e r  s tud y.

I
I
I
I
I
I
I
I
I
I
I
I
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-1

API’l m I X  D

RELA1 [ON EEl ~n n-d ~ + ANI) cc

I
Consider  a r rm n do ; ;  s c a t ter i n g  medium composed of N p a r t  Ic  i c - s / u n i t

I volume. For conven ience  in what  f o l l o w s , let a l l  tii - part icic- .; have

I 
time sane rad ius , r , volume v = 6irr 3 /3, and the same r e f r a c ’t i v i -  m i l e - ,

In = n — i K ;  the discussio n presented below can be ext~-n’ded triv i a l l y to

include the general case.

As long as the arrangement of particles is imomo~ euieous , but  the

randomness in the location of each particle is greater t han  a u -nn v e l eng t h ,

- A , time condition for applicability of the standard r a d ia t t v e  transfer

equations (‘-9 )  are met , anti t i m e  absorp t ion  c o e f f i  c- i - r i  , a , of t i m e u ’s- I r un

I is defined in tern~ of the  Nbc theory absorption cross—section , o~~~~, by

a Na 1) . (Dl )

The derivation of the KM equations iii A p p e n d I x  B , and t i ne  l l c - i c l ! u r , n m m

1 e q u a t i o ns , i n  App endix  c , makes it c l e a r  t h a t  t i n e  KM a i t s or p t  i - u ’

coeff icien t K is d e f i n e d  b y K 2ci .

Now i un ag i m me t h a t  t h i s  c o i l  cc t ion of p :m r 1  id es is f t n - -d , wi  t i m  t in

I part id es d int o  rted a:; flOdc-S5;m t -y and asne unh 1 c-d so t h m ; m t t h~~r~t’ ~m N - m u ’

I
I onger any ai r spaces he tw e eum t i m i - m .  Timen t i n  i ~; coil , c t  m u m  of pa I-I ft 1 vs

1; ;  Indeed a u u nm i f o rm u ’;n t s- r  I ; t l  n t - -I i n t o , p m t m ; n t - n ;  I r ig ic ; a wh, ’~ e a ms - - f  r i -  i Vt

I index nu — lid . Tine absorp t Ion  c o p f f b c i e n t  ex t  h u r t  ion  r oc - f f l c i -nt

of t i m i - . m e d i u m  i s  obv ious l y

I ~~~~~~~

I
I

-
~~~~ 
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limbs follows frouim time bein -ivior of a p l a n e  W - r v e  exp J ( u t — 2 i r m  7 . / A )

traveling 1mm any d ir , -st i ’’ n , s :y ,  tim e z—d irc-ct :ion -

I In so um m e work , ti - p 1 aus  l b  f- - hypotlnes is ha;; bet- n r in ds th ;m t ci should

be re la ted to a si mnp l.y b y tine ra t io  of time t o t al  vo lume occup ied b y the

rando;mn scattering medium to t hat  occup ied by time s;nme total number of

par t ic les  arranged a;; a m u n i f o r m  u n t e r i a l  niect lu m .  6 ,7 ,8 
T hat  is , the

hypoth esis is

a ~ Nv 
~nn 

= N v ( 4 - m m K / A ) .  ( 1)3)

That this hypothesis is plau .msible follows from t h e  r ’ -a ;e n im lg  t h at

the amount of energy aiisorbed b y a p a r ti c l e  shenu ld hi p i :i i c t r t i oumal to

I its vol unne , for  a given i nc ident  radi  at m u  I ielcl . However , i t . i n  c l e a r

that time absorption by a volume e l -  ~- un t  of a stub s t n o d e  i ;; p r r n p o r t  i ona l

to the local intensity ins ide  Limi t  \ i i  uni te e lenent  , not to the in c i t h - n t

in t e n s it y  on the e lem e n t .  If t ime (average) particle;; in a random

s c a t ter i n g  r ’-;iium are compres se d  so t i gh t l y t ha t  t ime m e d i u m  l cn - ,s- :em- ;

I a t rue  u i : ~ 
- - u -I a 1 me-d l i n t - n  (~i~ b o mmncia  r les , no di  I f o n t -  ; ;r ;n t  t er ing) , t i n e u m

- 

I 
the local int eums it i n  each v i t i  nur ’ c -  c - l e m mi e - n t  w h i c h  was sub teu id ed  by a

- g iven  1 ’ . n r t  i ( - l e  is - c ~~ I & - t  - l v  d i f f e r e n t  f r o m  t in- local . i n t & - n  - i t y  win ic im

(-SiS t c d  I ns id e  t i - - c, ’- r t - s i n l  i i i ; -  v u l u r -  - e lem e n t  In  t i n e  r ; nu x i o : :m  s c ;n t t  c-r i rug

mt-d h u r i . In gel uu ~ I rn -n :;(- nttt-u - 11mg mcd i u m  to  m a t e r  i ; n l  medium s , loca l

I Intensity i m ; not iuiv.t r I— min t , w in ; ch i t  would have to be in  order  t -h ;n t

time imypotimes i s  be v a I  lii. Note  t h a t  it is time single—scattering local

int -ns i t .  t i m a t  Is con : :  i.d - n - ;-i I h er e , hec ;iu ;a- the ahsorpt Iomm (:Oeffi ci ent

— ~~~~~~~~~~~ -~~~ -~~~~~~~~~~— - — -.-—— - -. - - - - • - - — — -  —
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of a ranclo n um ~ c. ’t  t y r i ng r n , u [or i dt- f i ned  in t ‘ - n ;- - - (if a 1 ~v i-  r of

I particl - -a so thin t i n ;  t n - m i t ;  p i e  s c a t ter in g  in  t h a t  l ay e r  may he neg l t - c t N ’ -

Therefore, the quest ua of wh -timer the local in t c -os  i ty  change . ; ca n

answered by single s c a t t e r i n g  theory , e .g. , Nbc t im e ory  for  t i r e  sphe r i ca l

par t i cles  considered in t i m i s  work .

C o m b i n i n g  E q. ( I m i. ) anti the hypo thes i s , E q .  ( 1)3) , y I ci ds th e

equivalent  h y p o t h e t i c a l  r e l a t ion

1 1 
4 i r rv/A .

I This i t y p o t h i e t  I c d  relat ion is expres;; -d ent i rel y i n  t i - r o n  of t l i c -

I 
t iu t - o ry  parameter; ; , and nay he r i .  - sl ed by t h at  lm c-o rv  a lone .  5~e~s -r ; n l

exam p lc - ; ;  w i l l  serve to show t h a t  the  I n y p o t i n e s i n  in  v a l i d  onl y f o r  s m a l l

partici e;; whose r e f r a c t i ve  i n d e x  is  d o ; , -  t o  1 , and b ad l y v i o l a t e d  fo r

o ther  c a s ts .

Van de i lu l  st 14 
gives time f o i l  owing approximate express ion for °abs ’

val id  for ( 2 r r / A) 7 <<1 , for any ri , for a particl e of radius r:

I
I = -Ii;; 

fr
2 

~~~~~ 

Ef~~’
_ + 

~ ~~~~~~~

I (D 5)
+ ~ ~~~~~~~~~~

I
I
I
I 

-



4 1

case i ) ( 2 im n A )  2 << I , n I , K << 1 - I i i ( fl o i l y t i ne  f i r s t  t i- r im

in Eq. ( r Y ) com:~ r i b ut  - s ;  i r i ( ( n 2 — i  ) / uu ; 2+2)  = — 2 ~~./  t , am ; - ’ n i,, =

I (4~ r
3/3) (4~ /X )  I i~~~v/ A , in  a ;;r i er; -~m i t  i — i th t i n t -  i n y t i o t  in c a  i s , Eq - ( 1) 4 ) .

I case ii) (2iir/A) 2 < 1, n = 2 , K << 1 Th en Eq.  (1) 5) y I e l d s ,

after sono a r i L h m ; - - - ~t i c ,

I - 

(47mKvfA) (~ + ~~~( 2 ~m n / ? ) 2 ) .  (1)6)

I t  is sec-ui t h a t , if (2mur/?. ) << 1 , tii ’ I n y p o t i r e s  i s , Eq . (1)4) , is violated

by a f ac to r  of 2;  t h at  is , u s i n g  E q. (114) a i d  an exper  - m e n i t a l l y d e t e r —

I mined °ah~ 
a/N , one w o r m l d  pred ct  a v:u l is - of r o n l y  h a l  f as I : ir g t -  as

the ac tual  va lue .  For ( 2 i r r / ’ )  1, E q.  ( I .  ) seems t o  agr e e  w i t h  tb -

I h y p o t h e s i s , bu t  tim - - m r e g l - -c t€- ~i t e rms of 0 ( 2 r u - / A )  ‘~ anti h i g in -r  1 m m  Eq .  (D5)

nake E q - (V- ) inv ;ml it !  f o r  (2 r r / A )  1 -

The genera l  ~- a n c - , wi tim bcrtl n 2irr /A and ni l a l l  owed to have a ny  m - - n : s ’ u i —

ab l e  v a l u - s  , c anno t  be an a l  yze ci except  l iv  in , :  t -  n i f t ime fti 11 N i t -  t lo ony - i-oi -

I ex ; ;u:: pl i- , in the  l i m i t -i ng case of vei- y 1 a r g t  Sc ;’ t t -r er u  (1’’;r/ ) . - -  1)

thc- a s y m p t o t i c  r e l a t i o n  f r o m  N ie  t im-  t r y  is

n i’s 
= ~ r

7 ( 1— n ) ( 1 - : i ) ,  0<n~~~l - ( i 7 )

I f i ; m  hy p o t  h r - s  i n , E q.  (!t4) , u - o ld  t bus r - q n u  i r e

I 16~~r / 3 X  ~ - ( i— r i ) ,

I w }mir i m 1;; cm -a n y v -ry  b a d l y v i o l a t e d  f i n n  ? - r r / A  ~ > 1 .

S t a n d a r d  Ni e t he o r y  c or -;p nu t er 51 go r. i t l i i : ’ - :  , such as tho s e  used in t i n  1;;

work , can accmn ra t ely and e~us i i  y p r e d i c t  vs 1 ties fo r  o
~~ a ‘ t ‘ - - -

I
I
.. — -

~~~
---_—- ;. — —  — - - --. • - -t - ----y,~~~~
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at any A , g iven 1) the  o pt i c a l  n , ’ i a t a n t : ( um , v .)  ef t i n i -  t y j i t -  i m a r t  i i t ; ,

I In the mediun  to he model 1 -d , and i i )  t i ; t -  ;;i ;~i - d i m ; t u 1 t ’ , n t  i n ~~m 1 . ( u  ) of

I each type of ~‘ a r t i c i m - . l m i I o t t t u r m a t e l v , ~ t 1;;  not  so c a n n y  t i  i f l V  t t h i

c a l c ul a t  ions , not even iii t h -  s i r -p i - : ; t  c a - ; c -  o f  a i-win d i n p t - m - - .~ - r o l t~~~~~

I tion of one o p t i c a l  t ype  of p a r t  i d l e .  In t i n i s  s i r m j ’ l - . ;t  - r ; ; , - , I i ’r  - ; - . m a 1 1 ! - ,

Suppose t in t ;  r ea l  r e f r a - t i v c  imi d ex , n , i s  l n o w n , n u n !  tin - n- ad i t s - ; r i a

I known , for  ;- cons t I t u e n t  p ar t  i t - l i - . I f t lu - r - i at  1 en ;; I an or dc - r—o f—

$ 
magni t ru de  f ee l  -i ng for win a t  t i m e  Va l ime  of t i ne  i nag i n a r y  i mm dcx K or ig in I to

be , timt- n the  s tand ard  c o m p u t e r  al gou i t i n t  :-;  can l i t -  usc-cl to search a r o u n d

I the expected v ;ml tie of K r mnt  ii t Ins t va 1 t i c -  I s found  win i t -h  r ep roduc e ; ;  t i n t -

e x p e r i men t a l  l v  d e t e r m i ned o - But  h i m  I: End of sc ar r in  incr c-asc- ; ;
- abs

I Immense ly  i m m comp i e :-:it 
-

- as t ine  s t r u c t u re  of t i m e  mad inn i u u - r e : m c , - ; ;  - In

I order to use this  mu t e thod prac t i  r a l l y  , I t w o u l d  bc- nec e ; ;s ;n  ry I - - l- now t I n c

in . , f . ( r )  f o r  a l l  t i n ’ -  typ e :;  of pa r t  I cl c-s in t h e  ri i x tu  r e t o be m i - d e l  l e d ,

I as i- -c- l i  as tine e • f c ir  al 1. t i n e  typ e s  h i n t  t i n ,  one of I n t e r - : ; t , win it -b i t;

the  v a l u e  ti m — i t t h i s  u m m e t i n o d  would be a t t e m p t  l o g  I (’ ( I t t  e r m i n e .  A l t  t n t ; - ’ --

t iv e l y ,  am i d mu cln more siit iil v , one could  nc-rh np ; ;  :-3-. - ;  I t - ; i m i t  a l l y  l i t  e m u - i 0€ -

the o ~ n )  s e p a r a te l y f o r  ;nl 1 t l ~~- c t i n t  i t u e n t ; ;  of a m i x t  u r n - , and tiit - u  t i m e

I abs

0 a1 f o r  t int-  til xl  crc- - Fr oun (Al ) , t h e n  , f o r  an i n —  c o n m u p o r o - r m  t m- ; i I L ure ,

I N . Idr f (r) o~~~~(r )  = N-  - 
~~ N o ~~~ -

] j  r abs ale ; - -  : m t ’ ; ;  u abs

I T in i  n equati on has  a known va i r u e  of ci - 0 ( n )  om i l v  I f 1) i t  \~; m ; ;  d i r e c t l y
i m a m ;  -

m casni r r --d b y d r - t e r i : n i  in [rug  cc . i n  a S i u n g i t--—co ; d i u m e n t  m ut ed liii ;; ( t i : ;r ua l  i v  not

pract Icable), or ii) tire values of 
nh 

and o 1j ~~, ~~ i , w e n t -  d t t  e r r m i n e d

cxperimnw- ntal l y by d e t e r u i r i n in g  a and n~ , am id t i m e  saint - Si d i n t  r i i ’t t t  j o i n ; ;

I
I

- 
~
‘-

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- --

~~ 

_ _____



were kept for al. 1 co m pcnn en t s  t in r o u g itout  - Th er m , ~i 1 1 . (r )  and n~ an ,-

kno n reasonabl y w e l l , and ~: is known w i t h i n  or d r - r - - o f - -n : - m g u m i  t m - b - , t i ; ,

Nie t heory al gor - i 1m m-m s co ru ld  l i t-  opera I: ed i n  t ime  above- ; ;u ;t r - l m mode to

(Ic cnn  inc  n , . - For examp 1 - , suppose the  cl .i f fu se  r e E l e c t  ance e>: ‘~ 
r i m - -s t a l

t.e - U ses a sa mp le  w h i c h  is  a m i x t u m - ’: of b a r i u m  ~ul pbate  awl lu st  one

other  co i-- l’nn e .n t , sa y ,  carbon - Imag ine tins t o -n~~s 
(carbon)  co rn 1 ci not  be

found d i re c t l y b y ex p c - r in n e n t .  Then the f i r s t  e q u a l i t y  i n n  Eq - (1)8) w o u l d

he used . No m ’ , if  component  number  I is carbon , number 2 i s  l ) a r m u m

sulphate , and if ~ = N ~
(2)  

antI cc No for %he m i x t u r e  have beer:2 2 abs abs

determined b y r e f l e c t a n c e  exp er i r iOnt s , t ine r n , f rom E q - (1)8)

( I )  
fd r  f . ( r )  ( I )  ( r )  (N )

_ 1 
IN c --N (2 )~ , (in)abs j i abs 1 abs 2 abs

am id t ine  search n ;o ; l e  coud d he used wi t im th is r e l a t i o n , to dot  cm n I  i n ~

fen r ca rhc n n , p u o v  id  od f (r) , n , anti N f o r  t h e  carb on in  t im in  mum i xt  t rm -~-

we-re q u i t e  w e l l  known .  I f  a l l  L i n e  carbon p m - t i n  -s-s m a d  (2 ;; n A )

t h e n  t i n t -  f i n s ;  t t en - u - : on t lmc- RhlS n-f E q - ( 1) 5 )  co rn d be used , we i glu t  ed i- i t i n

( r ) :
- 6mu v 2( 1) 

= — ~~~~~~~~~ 1mun (~
_:_

~) , (hidl)
abs A 2

mum +7

wi m e - rc- v
1 Jd r1 1 

(r) 6it r ~/ ~~ . Tin i s  can li e ~ol ve-d e;ns i i  y for n - - , j f n a r id

V ar c - k n o - m : m n  -

1
— — - 7-- r - — - ~~~~

- - 
- ~~~~~

t— - -i -
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API’l ’Il )t >: i~

RADIA l l v i - :  - 1 - l~ \2S I-l - : g  -I ; ;E O RY I N  ONI - l m I I - j I -:gg ft-;

$ This section ~m; .iuc ltmde - I b ,- au:;e i t  i l l r m s t r ; n t -m; s i m ; ~ i y  and c l e a r l y

I 
three very irmpcrta n fu n d -me - u t a 1 poi n i to  I) tine cou m n e c t  ion bn~ r - - ; c - m m

imag inary ; a f r c n c t l v e  .i n d t - x  an d abs orpt  ion cross—s e -t i o n , i i )  the

t r ans i t  ion f ro ni m wave theory  to  racl iat  i.v€m t r a ins  fe  r t Ime ory  , ii i ) tint-

correct c l i f f e r e m m c e  r a t . I n e m  than di  f f - r c n t i a i  e q u - a t  ions of radi .at  l v i -  t r a m s —

I fo r  theory .

Let t i n e  s t r n - i  rhed s t r i ng  in c the omi e—c l im ens iona l  ph iy s i  cal syst  en;

which s u p p o r t s  wave not Ion.  Consid -r f i r st  a m n u i i f o r n m  st r in g  of nnass /nmntt

length p ,  under  t ension  -t. This s t r i n g  s upp o r t s  t r aum sver sc -  osc i l l - i t  i inns

u (x , t)  wim i c ~. obey the  wave equa t ion

I a2u
Ii —

~~
- = -m —

~~
- , ( E l )

I 
at ax

and r-dnicin have fummclame nta] sol Ut i oue~ ‘u (x, t )  at ci g i vt-a f r e q u e n c y  c

I u(x ,t) = e 
t (A

+
c~

_

~~
x+ A e ~~~ ), k w/ c , ~,

2 
-; 1/k ; ,

I where A > are und c-ter rnin t-cI comp l ex—valued amp i itrudes .

I Cons i d er  anc i t  her  st i t n g ,  a lso under tension -r , b u t  w i  t i n  mass / r uu i  I. t

1 t um t ; t Ii i r~ , wi tin osc i l l  at 10110 win i t - I n  s a t i s fy

I 
li
i 

~~~~~~ n T y - ~- ’  ~i~
’u 

-

at a x

I h e r e, the t c m i  y acm! at i s a f, Ic t I emm a 1 I i -  n m i , r ep n -et ;c-nt  11mg abso rp t  I on -

Th- fundan;uen t al sd ut I our ; :  u (x , t ) at fm- i-qt i c- nmc- y ri ar c

I
1

- -
-

- ‘  ~~~~~~ - - -~~~ 
.
~~~~~- . -  ~~~~~~~~~~~~~~~~ 
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u(x , t )  = ~~~~ ( A c illikx 
+ A e ~

int
~~), k = ti n / c , (E l > )

w i th  in E /~— i y n m , 11- n — i > - , r > 0, p E These- -h n i c en  of si gm i

enscure th at a t r ave l  i ng wave is cl asped in its d irt -c t ion of travel -

A w.. ye- travel ing in the positive x— clirec tionm has the  f c ur mm m

icct — ink x  —2 nTK x ,/ )
e e e (E5)

vhich sh ows tha t  the wavespecci on this string is c/n , and t ime e x t i n c t  ion

coefficient is 4rK/A. For small y, (yp/k << I), n i i ,  and 47 1K/ A y .

1. Single Scattering

Now imagine a p iece of tire frictional string of length r , i ns e rt e d

between infinitel y long segmentl; of the original frictiom i le-;;s strinu g .

This situat I cnn is  exacts l y a s ’ l  ogOUS to tlm at of a part -in e- of m d  ir i s

- - - -4- ium t - - m i x
r , re- f r ;mct  ny c-  index  us , ii; vac tmu unnn . Let a w ;nvc-  U

1 
(x , t ) = A

1 
e e

— i , ~u t l i x
be Inc i th -nt  f ro m ; ’  t he  Ic  f t  on t i n e  segurnen t , and  ci r~- nvc- A

2 
e e 

-

i n c i d e n t  f r o u ;n  the- r i  gi n t  - B o n n n m d a r y  coin d i t i n - n ’  - n u t -  c - em i t i n m u i  t of en am i d

au/ ax at ec mc i n  inter f a n - n -  . A ppi i c - n t  i on  of t in ene  h - o c m n d ; n r y  con md it ~Ofl5 \ I i ~~

the m a t r i x  r e l at i o n s

4 4
= (N ) 

— 
( i .- ( ’ )

A~

where; A 1 r- t i m e  c o m ;j i  i i - ; - ;  cnn nj ) I i t  m c  n i f tin e r i gin t — t r nv n- I lug wave us t 1 o t i n e

r 1gb t of tin t- sc-j’,m m; - - ni t , ammd A
1 

it ; t iu- compl n- x ;nn m np l it tide of ti n t- It’ ft --

travel lu n g i- n v > - I ns t to  tin e left (If the  sc-gus -nt. Tine u n it u - i x N In

I
I

-a- -.- - -.- - - • - - - -=- - -
~~~~~~ - — -  - -. -

~~~
... -

~~~~
-• --- - — - - - - . - .- --.- 
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1-4 .; i - m ~~~

— n k r ; n  
m~ 4-1 

~~
—

(N) = 
( i - u  - iii ( - 

I kum r ) (tm_ I n -  I 
(E 7)

I
N o t > -  tier t

dut  (N) = 1. ( E R )

Consider the case A 0 (no wave m c i  dent frets ti m>; r i g h t )  - The-n Eq -

(E6~ y ields

I 
R 1A 1

12 /1412 = I M 21
j 2 / ~~N22 I 2  = reflection coefficient

I T 14 12/ 14 12  l / I ~ i22 l 2  = transn-missi .on coefficient
- - (E9)

I
R Is tine fr cUes of t :imc incident power wh i ch is reflected ; T, the

fract ion which Is transmitted - I f  ma in rea l , R+T = 1 ; si nec mum i s  comp lt - x ,

t ime ’ q u r a n t  ity

A I — ( R-i-’I)  (rl0)

is the- f rant ion c)f tifl- m c i  dc-nt power wh i cm is absorbed - Ti; i t ;  abso rp t  -i eu

I
f rae t ion A i n-; t i n e  ana l og of t bc ab sorpt  i omi e ros ; ;— ;;e- c t ion of a Sc;> t t e n i r ig

part m e  in 1 d i n - - c - n o  i o n - t  For t i n t - case i -- - - ] , 2ur r/X- <I , hint in am - hit r;mry

t ime ;n i i o v t -  equat  I i - i n S  v i i -

A ‘— (/ r v >  i / A )  ( m m ) - (1:11)

For iii , ti n i mm In I he -x ;mct ann 1 eg cr1 t in - in y p o t  Ii ’ -;; Is , (E q - i) !n )  , n 
~~~

I 4~ Kv/) , j i m tinr e-t- d l m . m > -u ~~ i o i i ~ h h c - r -  , j u st n ;; in thr - - - d i usin ; in u nm ; . , st r e i m a

h y p o t h e s i s  i t; b a d l y  v i o l a t e d  1 m m  i p - u u - r ; i l  -

1 -

I
— - -

~ - — —  — -. -- .,t .- -- — -  - s  - - - .- —. -—-—— —
~~~~~

.— - - - -  — --—---
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- 2.  Tr aun s  i ti ou r t o End - n t I v -  ‘Fr, mm f >  u T i m i - o r y

Com is .i d e-r n c-el i c -c t  j o m u  of t i n t -  ; n l i ; i i r l i  i i i - -  5 - t -  i - i t t ; ;  e I>- ; o  i i i n c - c i  ;n i , o\ ’ , - ,

$ i n s e rt  c d  a t  random in t i-  r t a  1 ; ;  , i - i I i i  nm o m n v i - r l  - ;~~ , I ui t i n t -  on gi u m al  f r i c - —

I 
t i on l e s s  s t r i n g .  T1L- d i s t r i b c u t inn cif those- ;;e -~-. m- -nt ;; i ;; to be )n ii u1 - e~ c- mn

eonis , wh 1cm means t h ;nt  there cx i t ;  t -in aver- n~’ - in te-m; .> - ;‘u ;~ ct sp~ 1C1 ng ,

I anti t in t - re -b y an avera gt- nun uhe r  of s - m ; ; n - u i  t n p i un i t  I t - n m g t i n  ~ ] / ~ -

tim -I- — 
-Consider the n segnment Let (A , A +1 ) he t i m e  cou m p l.ex ;mnin i ) l n t > ;  -

of time waves incidem t on t l u i s  se- gun eimt f r o m  t i n e  ( l e f t , m l  gi r t  ) , r e sp e c t  —

ively ,  and (A , A
+

+l) be the complex arnp l i t u d e s  of t h t  i - n v > - ; ;  trav elin g

aw ay from (scattered by)  the segment on tine- (left , v i  I ; t )  , re;;p -c’ t I vel y .

I These amp l it  ucles are mel  ated b y time ma t r  i ~: ti , as 1mm E q.  (F ( i )  - Solu t  l o u t

of Eq. (F:6) for (A
+

+l , A )  in t cmim s of (A+ , A
4-1

) y i e l d ; ;

- I
(A

4
~~

1) ( 1 ~ ( A
~ )

A 22 t-121 1 A
+]

I w i n > - ; > -  t i e -  - ‘ t n n : ;  1 i t y  i-~12 —M ~~ in n ; ;  been t u n e d . ‘IItc-se anip l it tmu ~i - ; ; A
+

$ a r c -  tint- ; nmu I ii i t uch-;; c i f  t i m e ;  v ; n r [ c ’n r ; ;  waves a t  t i e -  a pp r op l - i ; ; t  > .i i m t e - r I ; n - t -; ;

bc-t wi - c -u - t I n -  n~ 
ii ; ; i -gn ~- i - m i t am i d t I n t ’  I r i n  t~ i emi l  c - ; ; ,  s t  r I n g  -

I T i n > -  r ; i u > - t s; l m n - n ; ;  j u t  t i n t  s e t - . r i - m i t  p int - I uig i - a - i ; ; ; ;  I h n ; n t  I i t e m  - I n - ; 7. - r i ’

e n ’  ‘ n 1 cm t l i - i ’  J i m  - l i  - n ;  ; n - I i  - t i - . - i - n n  A m nncl  A . TI- i s r u t - , 1;; ; 1 i t  - A A
nn Ii mm mt - I I i i

i i - 
~~ — - -x ~ - - i t  ; i  I I - in ove- r - i I I 

~~~~~~~~~~ 
lii i c p~~-~t I - n i ; :  c mmli te - n m ’ ; - m u t  a —

I Tat: n -k ’ - A
4
f1 I ‘~~> 1 

~~ 
‘ ~ “ ui 

I , et r - , arid > 1 ; ; 1 u ;~ i-: q ; -; - ( I - ) , v ic- i tis

I = - Fl + flI , I 
— 

TI 4 itl I- 
- ( i-  I I t )

in 4-1 in n-I-i ii i i4 - l in

I
I

- -~~~ - — -- - — — ~~~ - - - - . ‘~- - - —- — —-. —



48

Solv1im;~ I i n > - : ; ; -  c -ps ;>  t j o i ns  for th e ;  in t en e ,  it I c-s I •
~~~ y i c - i d ; ;

I l
+
~~ — 1

+ 
= —( l- - ’1’+u

2
fT ) 1~ + -

~~~ I ~ (l~~T) f + +

( 1 . 1 1 )

I 
— I = (-

~ 
— 1) 1 — ( l— T ) I — RT~~,

where the approx ; .mm ; ;nt c e q u a l i t i e s  f o l lo w  fo r  Thz —: i , f l < < l  , 1<1 - lii i- ,- ,

time i n t e n s i t i e s  , I are time :iu;ten;;i t it - ; ;  of ti~> - wave d i  ;:t i i i - —
n+l n+l

bance at any p o i n t  between the n th and (n+] ) thl 
segment ; n- ;im n i iarey for

~ 
F
, ~ - This fo i l  own because the  s t r i n g  is f rI c tio nle s s  be tween  segmnen ~ a -

Therefore , i f  I - Inc inc-cl I urn is i m ag ined to be- div:itled imit :o c e l l s  of I c - i ;~ i t

= fl , wI  t i n  c-un time average m :e segment an ~~ in er e  j im each c ell , t im e
I

4

in t en t ;  It ics I can be taken  cnn - ; t ;hne  i n t & - tn -mi l : ieS om m the  r i  gli t cell h o u n —
n+l

I dam)’, s- - I n I le T are t im e st -  on t i t e  icft ccl I l i o rrn t l a ry . i) : i vic i i n g  both  si cit-s

of Eqs. (LI 3) by f, t r e a n l  i ng  t i m e  c ;t ; ;e i t < < l  , A- :<1 o n l y,  and rank lug tl-e-

t r a n s i t  t o r i  n 1~ -
~~ x ‘~ cO m i t i n r m o u ; s  v m n r m a l , l e , -

~~ i (x), yiel d ;;

I d E
— (K~ S) 1~ -+- SI

a (F-I’>)
dl

— (I: g)1 — ~ t ,
—

us i t e  rn
K NA , S -- NE , (Fl 5)

ar e  kc- pt > > i u n: ;t n um t d u n i u t g  t I t t -  .1 m l t  i n g  i n r ~~~ - s t m . Tim e: : - arc ’ m m m d  t m - I  i t ’>-

I t- n - - i t>; ; fe-r tIc>- > - n eq c i m i t  l o i n s  fm tin is r oil I i i i i  -~ d I pm - -mm-: ii -ma ] n-;ys t -u— — N> ’ t e
ii ; i  tine- )’ limivu tim e; sm nntt e form as t i m> K~1 e i j tmn  t i on -; ( Bl ) , and tim - it I lii -

I mm i gun iii r - n n ’ - e- cm f (K , 5) i t ;  Line s;nu ’ c’ In lent ); , F ‘- abt ;orpt I on/ enu n It 1 -nt N t In

J
I

— —  - -  - -  . - .- -
~~ .-i- r r -  ~~~~~~~
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-n

I S h a c k — s c a t  t i - u - i n ; ;  f u n  i t  1 - m : g t l m  , i mm th e  ~ - > i i t urn , (c- :-s- -p t  for  m m f ; ;c  t i u  ( i f

two w h i c h  is gei ’- u - t r i - ; i I  i n  om - i g in)  -

$ iI~ w c - v - :- , f c n r  s t r o u m g l y ab s o r b i n g  on r e ;f I -c t  J u i g  t a - l n i - n t t  s , t h e  f e m I  1

e q u a l i t i e s  of E qs .  (1:13) must  be u s> :1 - Let t lo g  niP. x con t inuous

I v a r i n 1 l e , I~ 1~ (x) , i
+~ 

E J4 (x - 2 ) ,  these  c-qun ~ ~orns r eth ; . - -  to

I
+
(x+f) = ( l_ a ) T

+
(x) + iiT (x),

(E l  (.)

I I (x+f) = _bi
+

(x) +

whereI a (T— ’I- 2+R 2
)/ T , h :. fl/T, c : (l—T)/T . ~ 17 )

$ E q u a t i o n : - ; (El 6) are difference equat lent :; rath -r titan e li f u n r - t ; t  i — ti

equa t ions - The den -m i  rc;cI I m hm y s  i cal so l u t i o n-  - nrc- t lie; ~‘n- - ; : -  ‘- - t. b> mm t ‘‘ fj t ; ;~ t i

I I+(x) which yFe -i d the’ ccurrect I on t in ( -  p01 i t t  ;- m m

I 
Tim e-sc ’ eq imat  lens  may he- ~~~~ v > - u by n i m e t :  i i  u - ;  i~ - -  u-mu-i I ; 1;;_ 1 > - n

px - - , ‘ -  - -  -- 14 (x) = A4 e in i-q ;;  - (i-I I.) - i i ~ is ri- : - uul t a in tine - .i ~. u i v t i t  ; - -

/ p9. 1) A
1
l—a-c 0 (Fl

1) i+~—>)
’
~ ~

Nt - i  r m t i o m l  of L i m i t ;  f c n r  t h e  n - i  g c - n v m t l  n u t - s  I>~ •
~ 

n m it t i g > -u i v e c N ’u : \ i t - b ) ; :

~~ 
1 , 2 

p~~1 P . i n ( l - I - q
1 )~ A~~~1 ,

~~ 

= h
1 
(a+q

1 ‘~~
-
~4- (i , : > ) ‘

( I- i P )

i 
wim er s-

1 (1
1 ,2 

-~ (c -- n )  I c — m n  -I -~ ( t - - : m ) 2
1 - ( 170)

I Tin- f m n n i d a r ; n t - m n t  al  ; > n l t u t i i n u r : ; ; n r > -  t i n e  ; : u n p c - r p > ; i t  m i n i  c n f  t I m e - > - i m o n u ; t ; m i r ; > a t e;;

I
I

-‘~~~~“ - r -  ~~~~~~~~~~~~~ .. -.-
~~~ - - - - ,  - 

- 
— 

- - _____
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- p
1
)~

1
+
(x) = A

+l e -I- A
42

-- 1 p
i

x p x

$ 1 (x) h 
- 
[(a~I-q1

).\~ 1 
e + (ci+ q 7 )A 4 2  

2 
(E?1)

I It is niu’: ’U- a m i d  st r : n  gI ;t f o r w a m d  to verif y I lim it thu (-s e ;;oiiit lou i ;  sm- i t  i ;J y

(tin e- firs t equn lit ic-: ;) in I-qn . (E13), on the po irm t n-; x = n iP .

I It is won ii no t  m u g  that the gene rn i  sd n i t  i o n  of E qs .  ( E l  6) rn ny he-

wri t ten

I p
1
x p

2
x

I
+
(x) = e f

1
(x) + c- f

2(x),

— —l p
1
X P2

Xf I (x) = b [(a-l-cj
1
) e f

1 
(x) + (a-I - cl 2

) e - f2 (x) J ,

I wher e f
1

(x ) ,  f
2(x) arc any two functions periodic in x wi tim p er iod

Sim:-:e ; the d e s i r e d  phy:;ica~ solut ions are to be the “snootlnes~” functions

I i m et w e e n  t i m e  p o in t s  x (ne , (n+l)9~), it is nccossa~~ to cho os e-  f
1 
(x) =

I 
A
+1 

= const., f
2

(x )  = A+2 = const Tire possible oscillation s re’presc-ntc-d

by nnoni— cou istaiit f 1 ~(x) 
rc-m ;tnlt fromtm tine extra (infinitely nnany) cli-gr>-es

I of f r c - e d o m  t n t  roduced ~i n go ing  f r o m  t it > - cer r -c I ci I sc re te  e q u a t i o ns  (E l  3)

to time noiu t i miu c)tn ; ci I f feremm ’e- equ al: I (mu m ; : (El I i ) ;  t i t c ’se c x i  ra degree-s of

f r e edom a mc -  c i  en n y  spur  te ens -

$ 
It is [mint mi mi - I  lv>- t im n o t e  t h n a t , i f  t l n > -  d i  f f e - r e m i t  ~

- t ’ q n i ; m t  i on : ;  (116)

we-n - >- f i m — ;;t c i ’ ui v - -r I cml Ic d i  lie- i - c ’ m i t  I ; > !  eqnn ; m t itutu; by t i m e  at andai—d m mnc- thm mm d

I u s i n g  Li n un ( 2-~0) I (1~ ( X +i  ) — l
+

(x)) f> - ii 1 1
/dx , etc - , arid tine- n si- 1 vt- il , ti me -

rem ; u 1 t s wou 1 ci inc nv c-  lieu r n

I d l  1>1> .  ~~ I (~ ;m l + hi ), dl / dx  2T 1 (_ hT
+

4-nl  ) ,
I- 4- ( 1 7n )

I wi tin so] n it  I ( u n i t ;

I
I

— - - - - -~- - — : —— ~
---— — — ,- - — — — -
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q 1x / 9
1 ( x ) — A  e -I- A e -

$ + -4- 1 +2 (E23)

— l 
q 1 :: f c. t 12 x/ 9 ,

I 
— 

(x)  h I (a-4 -q 1 
) A~ 1 

e -I- (a-f ‘17 ) A 1 ~
e

wher e  I~ t r - m ( 9 ,  ~O) [a/P., h/P., c/f} -_  constants. I n a p  t i e - n - u  cnf Eq s .  (El 9)

I (E21) sinews that time- se e x p i n - s ; ;  io n ; ;  m i r e  th e cor r ec [  s o l u t i o n s  onl y i f

Iq 1 7 Hl, since time- n p
1 ,2 

P.~~ 2~n ( I - I -q 1~~ ) )  q 1 2 / P . .  That  is to s ay ,

onl y i f  th e -  changes in T over one c-eli mn ri sinai I ar c - t i n > - cli fferent imm i

I e q u a t i o m i s  (E23) equivalent to tine cli ffc-r en-n c- - e ’ q u m ; i t  l e m m a  (El  6) . In order

fo r  these changes to be sr;u ;n l 1 , q~ , 2 1 mu ;t lie < < 1_ Tf both A< ~1 , I~- - ~ I

I then tine diff €- re-mm tia l equatloums (E23) are i ndeed  just time ; equations

i (El/n). Note  t i m ; :~ q 1 , 2 
<<~ follie s if only A- -:l , r c ’gard less oZ R . If

orm i y A< <l  , bu t R < I , t i m e  d i f f - r c - m ;  t m l  e quat  toru s (E 2 2 )  ;nr e  cormec- t , b e n t

$ t i n e y  arc- m no t  t i n e  sau . - -  ;ns tin e- Kit eq en at  ions  ( 1-14) - T i n t ; ;  p o i n t  I ;; ri ;; - 1 a

ch-;t r by an c~xam1t p i - i n  App -m - nd .i x I -

I The n-mci t iLl omit; (E21) ci t i n e  d l  I Ic e u - u ; - - , - e qu a t  i emma (E l  6 ) ,  s n m i nj c-ct to

I 
time- lmou nd;rry cond i t i c m n m ; ;nn al  ;ng ou mm t mm time -sc- fcnm m m p 1 mm ;- p ;nn - ;n lie 1 smi mp 1 e

of tInicl ~mme- ~ s d in 3—cl iu t ic in n - ;  ions

$ 1 (d ) = 0, T~~(0) = 1 (!-:?4)

y f c’l ci tl ic - 1( 1) 1 OWl - N e x l i u ; - : ; ; ;  l i - m n ; ;  love-i vi r; ~-, t i n  i - i c  - I I cc- t :‘n i - > - ; ;  ,

1- I’ 11

I i~_~ = (;n-I q2)/hn ; (t’ 1
— i> .,)d ‘~ f u m ( ì ,

d
,

_ ; )

I t i m - u > - 1 ( 0) f i n- a ; a u ; ; : m i l >  of total b - m - - t u i  cL I n  t i n e -  1 i u ’ - i t  A < < l

t i i e -~ e n- n- l I m e - > -  ex .- o - t i y to t i nt’ f i i r u m n  n - I  t h t ( -  I-~ 1 n - t i n t  j o i n s  (B? )

I
I
I
;~
—

~~
—-—

~~ —v_i— - — - — ;— — — — - - - — c-  — t .9- _ 
- - - _ -,._ — .. — — —~~ 

— — —— —
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I
I (1—g ) 2 R I— fl g1< • 

to d r o
-

~~ 

—

~~

-

~~

--——- 
~ Sd = — —---i- P.n(-1—~~--

7~ 
) ,  (F2 6)

1-fl d
to

where K , S are dc-f i u i c -d  Imere by 1-qs. ( E I 5 ) ,  i - i t h m  N =

I It is enl i ghtening to contrast time ti-j o so l u ti on s  m y mean s o a

numer ica l  examp le - Corn sider s t ror -ngl y r e f l e c t  log ,  m cii > -  ra te- I y absorb i ng

segments , wi th

A = 0 1 , R = 0.8, T 0.1.. (E27)

I
Then , f r om F qs. (E17), ([-:19), (E20),

I a = 7 .3 , h = 8, c = 9; q 1 2  2.40, -0.70;

= I.22/~~, — i 2 0/P.. (E28)

The correct relations , front i:q - (E25), are’ t ime-n

1—fl fi

I R = 0.825 , 2.47 dIP . (E29)

I~f t ime ;  s t a rnd n m - d  EN rd m m t l o o m ;  (1-76) i-a-r~- L u ; :  1-d w i t  in t he-se - t m r mu un - e  r I cmii v t  1 u >

t i n t -  nc-I a t  ions  (E25 )  w ou l d  re-ad

I 1—fl N
Il = 0 6 1 , in (-

1
--_-

j~4-
,j~_--) 0. N ’ > d / c  (E l O )

i-Ji m li-hr a n- > si  g in i . f i  c : nu ’ t  1 v i i i  e r ro r -  - (m u m t i n > -  - i c m ; m ~ l , i i  I t i c I me --
I n -me l u t  I ou t : ;  ( 1:2 1) w c - r e  t usc - d  1 m m  t h e  h i i ’ ; i i m i l .  m y  ~- , m  I m m - -  m ’  - !  l i - r n  • u - - i t  h i n i l u t  r e q n u i  c i  um ~,

~ < I , fi wou lc .i  ( ( ‘ t i : > -  un i t  to l’e I i i -  t o m  u i - ~ I v n  l i t , -  (L’ - > ) ,  s l ie- > - i t

I dw-;; miot d -1e’nd o nm I n 1,~, - ilta-u ’\ ’ -r  , t im ,  t m > ’ i u n t i l  i c - i  i l  I e m > i n n  (1-7 ‘ >~~ t~’n n m l  d be-

((i
i

- q > ) 1T L I  d/~

I
I

—— -
~~~~

- -.
~~~ -.- . -

~~ -. . s- - -  - 

—
- ~~~~~~~~~~~~~~~~~~~~~ ‘~~~~~~~~ “ - ~~~~
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dif fe-rent fr-urn hotim t i n e  s > - i - o m > d  ri- I at i or>: in (179) mud Jun (E30) -

In sum , in t i n  [- _ ; pe; -lix it lint; been sinownm ti n; mt , f or a om it - -d t u ;m sr: ~~~on :> i

$ random sc ;ittc-n ini g mne dimmm ,

1) Radial ive t rans  fer  e q u a t i o n s  f o i l  ow direct I y front wave t i m e - c r y

I equat ions if thc-ne- is zero pimase- correi at ion an n e -r ig  t ime - waves ne i d e n m t

I
on any scattcrc- r f rom d i f f e r e n t:  d ir c - c t iom i s .

ii) The correct r a d i a t i v e  t r am -n s fe r  e q uat i o n s  mir e  c l i f f e r e n r i -  r a t l > - r

I than differential equations.

This latter point is exploited in Ap p enn?i >:  I -

I
I

‘ I
$
I
I
I

~

I
I
I
I

7 .- _— 4- ~~~~~~~ —• -.- --
_
~~ _ --.-  • - - - _ - 0 _ - —~~~

-- — -. .  ——
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A I- 1- 1 - :NDIX F

CONV I - RS 1C)N OF 1- RA CT I ON 1Y; L n: ’- ’ : ! ,  N i- :-: ; ’- t- :~ l )l-NS ISY

I In a un ru l t f—cornst I tni emnt r an d ;  in si- ; t er i ~~~ u n - - I l  urn , t i m e  g i v c t i  da t a

I 
are invm -nrunbl y the t o t  ~ni  n i ; : m ;a: d e u m s  I t y  , i) , of t he- ;n ct nm .-mi ruc -d I urn , arid

the  f r act  ion by wei gint , p . ,  of each con st i  t ee -n i t neiab e- r i. Fur ruse  is

I lif e  theory ai . g or i t lnnm s , it i ~; neet:t -m;s m i- y to 1 - u m i i w  I i i > -  n n u n m i n e r  d ( - n m s L t : y

N - of each of the- const it n e - m i t  p ;n r t  i cit-s.

( Let p~ be the  mass density of particl e - - of t:ype I , and v . be I Pc-

I 
average volume of a type- I part icle. Thc’mu , for a san:ph- with total

n :mss N, total volume V , mass in . of 1tli 
cons tit :uent , and n . - t i i t a l

I number of type i particle- n ,

I m in-n . tLp.V .I i N  ) 1 1  -—v = -
~ i V p . 1) —

~~~~~ 

= N .P P.
V . . ( i - I )

I Solvinng this for N . yi el d s

I N . = ji J)/r ; v . - (F? )
1 1 1 1

NOWI v . Jdr f .(r)(/>irr 3/3), (f-I )

I win e -re ’  f . ( r )  i n - ;  t ime ’  s i z e -  d i s t r i l n e u t lo in  of t p c  i ~~ rt  i ch - t ; .  T h r e r - f i - r c - ,

i i :  order t o  - - : m l t n : m t  e N . ,  t i m e  s i  -
~‘. d i - :tri h i m mt ii ’r o- ; it- in st ;m l so be- g i v e - n m  -

I
I
I
I

- — --w r - — — -. -. — - ~- —~~- ~~~ — -  - - - - - - - -
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APP 1-:NDJX C

SIZE DI S ’ IRI  N N I  ION S

Four i- - i-li— know n particl e size dis trihm nmt iomm -~ wi-re- programmed fo r

use in t h i s  work . These are tint- two—p araunet>-r fan-us a ci i s t r i b em t i o n , t i m e

I bimodal ga~~ n distribution , the log -normal chi stn ibu tim ’n , arch  m m m ower

I law distribution. The unnornmaliizecl distribemtio ns , n(i-), and time nor—

nmalizc-d one’s , 1(r), are defiint-d an-m d described be low.

i) Two—parameter gmm m rmrna d i s t r i b u t i o n

I 1/b — I, ir r exp—(r/ab), r1 5 r ~ r2n( r )  = ( c i )

g 
L0 , r < r

1
; r>r

2

If r
1 

0, r2 , t ln cn

I a = 3cr> — 2r , i) = o~~/ ( 1+2u 2 ) ,  ~ 2 (<r 2 > —

I i - ; l m cr c  r modal r mnd i i > - ;  = a — 3ab , <r> mean m d  ius = m m — 2 ;ib , <r2> =
0

- 2 1  1
mcmiii sqenar e  r m m d i u : ;  = ( m nb)  — I )  (-

~ 
— 2). If r

1 
>0 , ou r

2
-~°, or bo thn

I then l in e r e l a t i o n s  be tw een  ( < r >  , < n - 2~~~~~ and ( m n ,h) are altere d , but r =

a—3ah enu m le - :; :; r > r or r < r -1 o 2 o

I ii) I l in i m o d a l  :- - ‘nl u I- ; - d i s t r i b e u t i o u m

n(r ,a ,b) mm (r ,a. ,b)
n ( r) = — - + —~~~- —--- - , ((7)I Ir 2

dr  n (r , fl 1, h ) )  fr 2dr m m ( r , mr 2 , hn )

r
1

wh ere n ( r , a . ,h) i n-; a t w u — j m a u ; n r i e ’t c r  ga u -t rmm :n d i n t  r- t i n e m t  l o i n  w i  tin p _ in r ;nm ;> - t e~r~-;

I (a . ,b) - Here , half of time- i snrt in- l i-s m m ’  u n  -r n chm mode.

I
I

.‘.~ 
— _ -_

~~
___ ;_ -— -

~~~ 
- —~~ ~~~- .  - .~~~

- -:- - - 

~
-t - --.- --— ---• -.- -.- ,- - •  .- - - - -- -  — — - - -
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i i i )  Log n m o r i u t - u l  d i m u t  i i b i n t in n

r- e x p [ i - ( P . n  ~/ ~~ ) / 2 o~ J ,  r
1
5r�r

2I n ( r )  =

0 , r-~r.~ , r>r
2

J

I
If r

1 
0, r2 

= ~~~, t i n e m u

_ (m 2 / 2  2 2o 2 ~ 2 1/2r e , <r -
> = r e , r = r e = <r >

~

and ~(<r
2> — <r> 7)/<r> 21 1- -e’ ° . If r~ > 0, or r2 

< ~~~, or both ,

I these relat loin-; ar> al tn -r ed.

iv) 1’ii;~ - r law d is t ri but ion

—a
r , r . ~~r - ~~r

I m i n e  —

nm(r) = (c 4)
0 , r < r - , r > r

I l - t r im mmix

2—a ?— m>r — r .I —ml in-max n ;mi inhere <r> — 
~~~~~~~~~~~~~— --—- , a ~ 1 ,2I 2—a I—a I—a -
r — rmax mi m in

I 2—a 2-a
r — r .nn:n x m m

= 
(2 )Q ( r—--

~
-- -- a = I

n in a> : un - u n in

I
(1—m n) t n ( r  /r - )

u: cl >: m - : m mm
I <r~- = — —

1 i— a 
U r - r

in-ax ma r in

I Tine norm a l i ze d  d i n t  rilunt iomn s f ( r )  w c - u > -  c a i r u n i m i t  e d  m m u r n e ’ i - i c a l  l y  f i - o nm m

r
2

I 
f(r) -- n(r)/f (Ic n(r) - (CS)

P r
1

S c - v t - r e - i  ( ) t i n > -  r dl St ri Im eit i cnn — ; could bi- add - i ’ - m - ~ I I  y to tine comput cm- p m e g r m m r n .

— —  - - •  • -~~ - - —  - * 
..
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Ar-ri-:NrnTx ~n

(o) 
( i t  , I i ’)  FNft-1 p ( - - e - : ; O )

u n  t h u l s  ~-o n 1: , t i m e  s i n g l e  ; ;  i t  t * - r  iin g j l m ; n se- fe uin e t i omn p(> - - )  e~

I fir u ; t - -n l c nnlm -n t ed f r o n n  l’ - thc-&’ry for so - - set of scat U-r irr g me - m g i i - a  
*

k I , - • - , L. kn -l m mmt Is m ne -e th - J  f o r  mul t ip le : ; n -  - i  I N -ri n~, cmii ret la t l i nmmt ;  i nn-

I t h i s  st in - ’y i s  t h e  a z i r n m n t i m — m n V e r m t g c d  I m hm ae-e  fu n c -t i on

2irI p
(o)

(iJ It r ) 

~~ J d~~’ p(cosO), (ii)

on some- set (i’ . ,ii .) i ,~j = 1 ,..., N. h ere ,

co~;0 = im p ’ + /l_g 2 ~~~~~~ cosm ~’ . ( 142)

I The r n et lno d ers -d - j im t b I: ; work to obta in ~ ( )  
(ju , j m ’ )  is tin e- I of llmnnsc-n

1 ~

4

I ami d i ! - n u m a e - n  m m d  T r av i : ;  - Fir at • cine-cnse tile p a r t  i : n u l n r  ( t t . , j n ~~) v a i m m i - ; ;

des I r e - i l  - For ce-ci t  p~n I r of y e-  l i d - ; ;  , do tine- i u n - t e g n - - a t  i on  iii Eq • ( i l l  )

I nun-er i c - m n  11 y - For e x ; n n l u i m  1, - , u s  ing  Causn - — Legc - umm l  r e  q mn ; nd r a t  m i r e  n u n  t ine

- points >~- ‘ t i
e
, w i t h  we- i g l t t  

~
‘mn ’ 

fl- :] - _ -
I
I 

~~(o) ( i n k ~~~~ w N j i  ~~~ ~~~~~~~~~ (
~

( i s i
~in

) -

hl owt -w- r , t i n e -  v;n l m m , - m i n t ;  - . = ~; ~~m + /h—iV / 1 — i ;  c m i ; , ;~ mi gu t  mn - c t  beI o n ;  m :1 1 j ii

one of t i n t -  > - n a O
b 

for w in N - in  1~
( c i n t ; e

k
) we - ; -  - ; n l c - c n l ; n t  n d . I f  r io t , I i t e - - e r

I lnte rpe - 1 ;m t io n > is r u - - ; e i t  betwe -mm tin > - t i e  a d l m n - e -un - t  C050
k 

to  f i n d  ;n(c :os fl —

Aft - r ~
(o) 

( i m ~ , i n ~) is found m y t h i N ; nm mt -t im (n cl on all ;mni ni t s (~~t ,~~t

I which are dc-u ; i r - d , i t  is i -um i n u n- an 1 i a d m y um ;i i mg

I
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p ~~~ (ii , im ’)  = w ~ ~~~ (p , in ’ ) / J d ~ ~ ( ( n)  
( it  i n ’ ) .  (11/ 4)

I 
The function ~

(o) 
(;n ,)i ’ ) so defined is th in- ; correct ly n o r m a l  I z( -d to u .

I This renorinalization helps to remove- errors tAin t may m ayo been Intro-

duced by the interpolation .

I . - -  (°) ‘ -  -This n -method of obtaining p (p ,p  ) i s  considerably faster

c o mr p u t n t i o n a l l y than tim e method which uses Legeimdre f u n c t io n  e x p a n si o n s ,

I for a given accuracy.

I
I
I
I

- I
I
I
I
I

~~~~~~ 
..

~~~~

— —-

~~~~~~

--.- - - 

~~~~~ ~~~~~~~~~~
—
~~~

-- - --
~~ ~~~~~~~ 

- - -
~~~~

-
~~ 

- -
~~

• -
~~~~~

—- --
~~ 
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A t i 1 : : ~l t I  X :i

N i-:i! -l-o1:ATl nm :-: Of- RADIAT 1Vi : 1

In I - - ems ua 1 d> -r i va Lion
5 

of the st and ; >  rd RT e q n m n  t ion ( A 9 )  , t i m e

is no analog  to tin c- ct I fference equations (1:16) - I lowc-v e -r , th u  d er i vat i  orn

of Eq. (A9) g~iven in Appendix A does pass througin such an analog, namel y,

Eq. (A6). / The corisi .derat  ions in Appemmd ix E lead to t i me  conclusion that

the d i f l e r en n c e  equat ion  (A6) oc u giut to he a more accurate- radiative

tramisfer equation than the  stanmdarcl differential equation (A’)), for

close—packed strcnng ly absorbing or strongly refi cctinmg inc -cl -i a - T h e r ef o r e ,

(AG) 1;; t e nnt m nt ivel y conn-t;ldered as the new equm :ntion of radiat iv >- trains—

I 
fer.

Tn what  fo i l  om~-s , cons ider  onl y probic-nie ; wimi ch are invari m int  t o

I t r a n s l a t i o ns ;  m n c n r m  - n i  to  t ime  z- -d ir ect ion .  Then , the I mn t c - i i s i t i  en i n  E q .

(A6) may h> wri t t c - n I ( z - l - 9 j n / 2  ,p  , i~~) etc. , where mm is tin -c cosine of tin -eu

I angl e-  lieN - -c-en s mi n e] the-  z—di rectioni , and 4i is thi~ a z i m m i c i t i n a l  mnngh -  of

I 
around th m ~- z — m m x i n - ;  - 1-’or mmpp i. i ca t  ions in which only t ine  t c t n i  t ra in : ; ; :  i t t  c-c l

and re- file t i-cl f l e n x n - t ;  are needed , t i m e ~t—d cp en de ’n c e  o Eqs - AG may 1-c

I integr;.t ~-d out , just as was done ill going f r et : Eq. (Al 6) to Eq. (Al i~) -

Eq. (A G) t i n e - n  red in- en;  t o

I 
1(z+- c~;/2 ,i:) = ( l — i t ) [ ( z _ N / ? * i i )  ~~Yf / 2 ) f  d i n ’

I ( I i )

I S I u n - c  >: I’; ~ - > n m n - I  ncmo emn var i ; - l  1 e , 1 et mu - >  a -f i ;m  /2 iii Eq - ( 1 1)  -
Time r n - u ;  m m ]  t I mn g eqmnn I lo in -  is

I
I
I

--~~ -- — - — - — — - - -~ — — - i 
~r— —‘,~-.. . - - — - - ~~~~ ~~~~~~~~~~ -



60

I ( z + t p , p)  = ( I — y f ) i ( z ,p ) -f (~~f / 2 ) f  d 1m ’ ~ (o) 
(I i i : ’)  [((zi - ( t n - l i ’)  . i n ’)  -

-1 
( 17)

Let tin-er>- he- ai m i n c - i  d c - ; ;  t bc e - i n - u in ( i i  r ( -C t l~~u t ~ ;n I z (I , no t m a t
n-i

I. ( o ,p) -
~~

- F ~(p-~n )  - ( I - I )

Then , let I.(z ,p) satisfy I(z+Zp ,;i) = (i—yf) T(z,p). Then

I.(z,im) F up—p ) exp [ z r ( t i ) ~~, ( 14)

whe’re — l
I’ (p )  = ( in t )  - 

9~n (I—yi) ; (IS)

note that , for y2<<l , F (i i )  — 
~ /p, tine usual  fo rm.  Then , let

I ( z ,~ t) = 1. (z ,p )  + I • ( z , ; m ) ( i ( ~)
in d i m

I in Eq. (I?), whc - t-e T
d 

(:~ , ;n )  is  time; di ffunc- inte-nsi t y .  Ti m i s  v i t - I d : ;

I Id . ( z + t P , t m )  = (1—yf) i
~~

. (x ,~n) -f (yt  F / 4 ) p~ °~ (i; ,~m )  e x p [ V  
~~
) ( : 1  (r- i

~~~
) )  I

I 
+ (YQ/2)J d in ’ p~

°
~~(i n ,p ’) T 11 (z + -

~ ;‘( p-i ’ ’) , i : ’) .  ~~ 7)

1 -1

Ti> i s  cii lie rn - t i c ’ - -qu ;; I i on  is t he m mmiii ir of t i m e -  d i  f N -  re -nm I i - n - n- t - ~l n m m n  t l o i n  (, \ I ’) )  -

I I t  I a in m l  c i t - m m  r 1 - i - ~ t ( m u-m o ]  v -  t i n -  i s  equ ;n  t I o mn by mm d o u m b  1 1 ni g r iot  h ind

win i n  In d e p e — i n d s  cnn ( l i c -  - l m e i  he of mu t u t a r t i n g  l ; > v n - r  so I m i m i  t i m e - I .  l i n e -  List

( ‘ m i m i  ; m l i o ~’> - n ut r y ime d r n i n p > - d  f o r  t h e -  t r m n m n - n f e r  m m d i: ;;; t h a t  l m n y -r (Sc -c-

A p p > - i m d  i x  A )  — u n - r n - , l i t - - m ult i i u : mummm t i m  N - k i n - c - m u m ;  n ;t v - r  wh 1 d m  c m m n n -  in c  c m n - n i u s - m i  iii

I
I

- - - - 
-.>--_ — -.--. ----- - - --  - - - - — - - ---
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princ i p1 e -is one of t iii - l :n s - s s  f , he c ; mt n s - t l i n t  i s  t i i e  t i n  I 1~ t i m - u ; ; ;  of mm

nmo n iq ’ ;mr t  i d e- l a y e r , and t i .  - -A t e - i c -  d e - r - i v : m t i o m n  ci!  t h e  c - - gm at ions in t e r  a-

of pm > rt Ic 1 e cl- n i : ; m : — - s :e~: t ion:; prcnbmmLl y n ; - - n ~~ -a  > s e n u m o  for t in i um ulc- r 1 m n y e r - ;  -

Now , if yf<<l , wh i ch m nin p i ic- s t i n - a t  bot i i  ~ < I , ~ < <  I , t h en t he  d i f f c - r —

ence e q u a t i o n  (17) reduces to the standard d i. f f e r - n t i m n l e - q u a t t c n n m  (A ? 1 .) -

But , if accuracy of 1% or better is ciesirc-d , t i me - r i  t me e - o n v e - m m t i o i m a l

equmi t lo in  (A21) simoulc i not hi- used fo r  yt .  > 0.01 -

A many—flux solution , similar to that done by Mud ge--t t mn - n ,  1

R ichards 1° for time- standard cliffeu m m ttial equation , may c e - r t a in 1y be

done ; th u s [s q m u i t e  c u n m n b e r u u o u u - o  and t ime-—consuming  for  mor e ’ t i m a n  four

fi  enx e-n Ilowever , a c o m h i n ;m t icm n  of arm accurmmte nma mm y— f le m x (16 or ~2—flcm :-:

mig i n t  i i > ~ snuf :- i c .ieu it )  so] tnt  l o i n  for t he  s t m n r l  i n ig l a yer  of ti n L u iem :  m u

I 
~-~[th a dotnb l im m g m i e t b o d  soluti on for  t i~~- immi -ger th i ck ne u ; se -m ;  ci c’si r i - A

seem- -bc feas ible- .

A M o n t e  Car lo  s o l u t i o n  Lu - ; of c onmr ; ;e  possftle . In f a c t  , II mum-c-i:-: ;

I l k >  l v  t i n m n t t I nt u - u t  a u t e l a r d  M on te  C :m r i c n  t e - c i m i m i q u e -  i s  m i l r - ; i d ’ . sol v i  mug t i m i u - u

I di f f e r c - n i c c -  e q t u ;m t  l o i n , r ;m t h m e n - t i n - a n n  t ine  u sua l  d i i  f -r t -n t is 1 -q n mm nt ion ,

inasu :mucn-m m m : ; tine N o n t n -  Carlo t e c h n i q u e  l n c n l m m :  a t  t i n e  r e -A i > t i v e  I m at : - cm -

co il  i sio u n - by i-o il 1 5 1 > 1 m m . If so , d i sc r e i : m m s -  N - u ;  m d m o m n i d  c ’x i m u l l i c - t w t - i - i i

I ?~ , > m i  t - (- n rio u - ;e - t h u h u e - a u l t  mu ap( l r n ; ; ; ]  it ; of c u t  g n u  m u t t l i i - t
~ m for tine St ;mnclmn n>

cqen :n I l o i n - , for - in:- - - i 
~ in- m e 1: -d u -un-I in c o m m  t m m  i n n  I ru g m ;t cong i v  ; ; l ’ . i m 1 - i  u ng  on

I st rong i v r ( -  f 1 > - i t i i >  
~ , - - m r t- I >  - I > - : - Tint mu point rn -r a n in n - - ; to be c in >- & - L c 1  i nn-

fu t u re -  ans I - . —

I Tine- ti- ii I Lix I ln> -i mi y of 1:m i nn ;m t ion (I:’) m - it y be m l n l  ; n l t ; n - d  inn -  a

manumn c- n s i n - n i l  m m !  t o  t i n  m l  i n n  a! m i m I w n m —  I Inn : - :  I b e en m - y of Eq — ( A l  8) , time- i :> -

I
I

- 
•_ __ u _~~~_

_ - - — .- - - - . 
~~_. - 

— 
- — - - - -t - - — . — - — -. — - - - — -  - —— - - ———— - - - -— - 

—
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tinn-o r~’ , n--ins o b t a i n > - i l  inn -  A p p e n d  is  B . !‘iake’ t i m e  ;n ~ -r n- i S t I  I i a - t i  -

I (z4-f~i) I (ziu - /~’), im > 0

I
I (z— t~i , —j m) l (z-f;;) = T (z--  ;- / 2 ) ,  it > 0

I —
where the~ see-ond equm mli tic ’s foll cmw from time clef j ol t ion jn Jd i i =

I Tin ein E q. ( 12) r - iiuces ten the pmii r c f  couplec i  e q n n a t  lou i s

I I
+

(z+
~

/2 )  =

I 1 (z)  = (~~ f)T~~(z) + [1-(c+~~~) f ] I ( z + f / 2 ) ,  ( 19)

I win-crc i 
~

-
~~

- J~ J~ 
( c m ) 

~~~~~~
> in ’) ,  (11 0’

j u s t  m r s in  A ppc ’mm cl i x  B , and in , 1~, y imave I I ; > ;  se -us -  r a - : n i n - i n g r ;  m ns  i n n  A j i g- -::d i : :

I A , wi th  + ~ = i-
j

- , so y— ~~ = t

- l ) e f in e , as in A 1m p en d ix  B ,

I ~~~ >
(~~~~~ J d ~ ii I F (x )  = ~ 1~~( z ) .  ( I l l )

I t i n - i n  I d l e . ( 1 9 )  r e -dun - c- t o

I i ,- ( 5 I - m / 7 )  9’ (z )  -4- ~

(I  I ‘ i)

~:- (
~ 

) ~‘ B -
~

- (-, ) -4- ‘1- - ( t ç / ~i )

- I  
-- I -

- i~n-

‘F a l— (a - t ~
-
_ ) , p 

• 
A ;> ~~ , ( 1 1  ~~

‘
>

I
I

— -



sat  ~sf y A -I- B -f 9’ = I a n n A  m e -y e - i i : ; -  m - i p m n i f h u : e n t i -e - (T , B , A) =

n ;m i u- , - . l i - t m , r e - f l n - - t i o n , : n i - u a -rp t~~m n m m )  f r m n r t  i on : ;  f o r  a ]; iv t-m of tim i t L n i - : ; : ;  ~/ 2 .

I Tine pm -; - m a - - of 2.12 r ;m t l n -r thn - m m im 2. i n n -  tine mmm i r n - t a n i l 
~~ > 

i s  a r m - u - ; u l.t

o f t l ; e  a\’e - r m m g i n g  over p clone i n - n -  o b t a i n  m i; E qs .  (19)  . N o t e  I m a t :  , I f

R << I , A << 1 , t i n — n m  Eqs - (112) r ed enc c ;  to t h m e  FAt  equa l m um : ; (1; 1)  , as

I e x p e c t e d ;  t ime  presence of 2. 12 r a the r  th an  u- m i  ( 112)  I t ;  cm - u c i m n l l i - n - t i n i s .

So lv ing  these  equa t ions  f e r  ~~ (z+2 . / 2 )  l i t  t > - i - ns nil t~ ( z )  y i n - -  i d a

- 

~+
(z +2.12) ( i_ a ) c!i

+
(z)+b i~~ (z)

I (11 ’> )

I I- (z+2./2) —b 
~+
(z) -I- (l+ c )i- (z)

I wI n e  n - n -
I 

a S (T-T 2
÷R

2
)/ T , h R h ,  c (1-fl/T , (115)

- j n - n s t  as t n E qs. (El 7 ) .  S ince  l i m e -u - me ’  cl -i f f c - r e n c .  ogc m en t -  1> 1 m m - :  ( r l I ~) m m i v > -  t i ne

Snu: c -  I n u  as the E qs .  ( 1- 16), t i n ’ - i- c : ;u n l t u - ;  mind i i i  n i t  Lo t u s  of E qs .  ( E l  a)

n-nay b n - - app i [eu-cl d ini -c- I ly m ere. Tho so lu t  I cumm ; mn re’

I 
~~~~~ 

A
f ]  

P] Z 
A~~, e ,

1 —:1 F i
x p .,:-

~ - (z )  = b [ (a+ci 1 ) A+i e + (a-1-q 2 )A 1 . > -  
- 1,

I wim > - r ’ - A 4 A f2  mu re- r u i n - i l  n - I  > -rn i t ; , - ; ’ r ( m u  f n- N l i - i t t  u ;  , m m m l n - g ,  -

1 In - i ?  
= P i n -  ( I  + q 1 n - ) ,

a -
~ I -, 1/ - ’(1

1 , 2 
= ->- ( m - - mn) ( (>  a )  I 

,~
- ( i - - m n ) I - ( i l l )

I For ;n d a m  of t i m  i c i ; n m n - s u .  A a - n ;  ; m t o t ; >  l i v  ; m 1 - : ~ m r i > i n i ~~, h _ m t - I .  g u — t ’ i . m a i

I
I

~~~
-
~~

— - - — - ---‘
~

- - - - - _ — —  - - - - -
~~~~

-_ -- - . r— - - -, - - - - -s. -- --—-—- - - — - -— - . -  - - —  - —  _____

-I> - _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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i —i - ~ i-’
it (mn - 1 q2

) /b ; (i i 1
-p 2 )d = f im 

~i ~~~~~~~~~ 

-) - ( l i P )

T in -c-s e - a re  j  eu st  the  r em su i  t - - i r e . 1- 2 1  ann - A E 2 5  , exe - t fo r  I li e - fam ’temr of 2

i o  t ine  clef i ni t . ion s  of p 1 ,~~~~ 
I f  T ~ I R <~ l~ A <e ] , E f l s .  ( 118) ~~i i

I over to tin - i -  Kt- 1 Theory express  1 i : mm ;  (B2 )  -

I
A fe- n - i  exminn p i es m i r e-  nm o u ; t  i n u s t r u c t i v e m  i n - i - r e - , a nch u - m i m i  -. ‘ t h u - t  , In soniC’

pr act  ice-i j m i e - i i i I  ems , t in - nm r escn lt s  pr cud ictc - d b y t i m e  co r re c t  c-ni e- q m m mm t I n i m m u

(114 , 118) d i f f e r  si g n i f i e u a n t i y front  th ose p r c - e i i c t e d  b y ti me s t m n t , - I e - r d

Kt - i eqemation s (Bi , B2)

I i) Consid er a powder i-macic- up of sm : :ml I car b o n  p : m n : t  id en; . 1-or

I 
suci ,  p a r t i c l e s , R << I , but A < 1, so T<< I - Let u - i—A - it , so , lie -n un - n

Eq .  ( 1 1 5 ) ,

I c—a -~ 
- - -

~~
_

~~~~
--_ 

A
7 

+ ( 1 1 0 )
- - ( i— A Y

I to 0(B). ‘f lu - i , for A ~- 1/ 2 , say , c—a is not -  <<1 , so 
~1 2 ~~

d l f f e - i ’ - ; n - t  l m > ~~i (c - - - n ) ~~~
’, an n - c l  p 1 ~ 

~ ?q 1 2 ’’
~ 

Ti m i e ;  n: - u - a u m s  t i m e - i  t i n s ’

r e l a r i i i u i - - ( T I E ) ,  m u m m i n g  ( i t , R d ) an ud  t b ; > - c o m - f f i c i n  n t s  ( P , a - ) ,  are e m ; t > -

I 
d i  f f t - r t - m t f r i - m i  t i : - i e l m u t  i o n m - ~ (r ?)  — I- v i ta ’  c - f  A > 1/ 7  i s  q u i t > -

r - : ; i i - . t I c  f o n - e l m  1 ’ e - m m  p ; - - At - r .

$ ii) fi - u m ~;jdi-r t i~> - n- nA. 1 1i n - - A . - r u ;  t m ~ - : t > - - i  i n  t h i s  i, iA- _ I n  a l l  i - f

t i n m - : - t - , I - 
- - a-t - u m A l ‘. r elIc > t l i m p  B ; t . m m 1 u-~ n ’ i n - v  f e - u  n h > - T m ; ;  i o n t y  c ’- t :  i m n m ; e - u m t  —

I V r r  c:- u m . . ;  I e , I m m : ; e - - -  ; u I e - 11 , 1~:; P( 4- m a n l u - m i , t I i i  - v u l  u se - -  of  ( 1 , cn , I’) m - t ~-

l ie fc , n nn m d I r i - ; u ‘ l ; i I ;  i i - : ;  2 , 1 , at n - - : m v . - i c - m m ’ - i  t u  0. (n t m ’ - :

5 . 2 1  s i f t  ( j n n m )  ~ ~, 
~~~~~~~~~~ 1 

= ~ 1/ I  2 . 7 7  i : ; - .

I
I
I

- - - ‘ - - - -
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There fore , f rom E qs - (11.3)

B 0 .283 , A .5 l3xl0 4
, 9’ = I - it -A .

Since A c< 1, we -xp a m md t i n e  pa ramete r s  (a ,h , c) of i - q s .  ( 1 1 5 )  to 0 ( A ) .

The re seults are

2RA R A( l— 2R -I- 2 B 2 )

I c—a = j—~ 
a = 

~~~~~~~~~ 
+ 

(1 R)
2

I b = -
~

-
~~j~ 

+ 
(i—R)

2 q ~ (f~~)
l / 2  

<< 1 , p
1 ,2 

2 q
1 2

12..

I Then , from E qs. ( 1l2)

a — 1 (
2A(I_R)

) 
4d 2RA

)1 R — 

R ‘ 2.~ 1—R -n i_ R
d /Il

$ Solving them s- for A/R and R y i e lds

(l—R )
2

I (-i-j~ )A 
2 

°‘ 

~~

-

~~

- 

~~ -i-
~-i~ 

2.i m (-j -j~~fr) .  (170)

I These relat ions are to he cont rasted with Eqs. (B2) of tin -eu - KM t l m e - o r v ,

win - i c - In -, for A<<1 , yield

= = = ~~~~ ~~~~~~~~~~~~~~~~~~~~~ ( 121 )

N o t e  t i n - a t  A = icY. = KQ /7 ~ 1 - 9  = S Z / 2  - ( i n n :anr I s i m m  ~if (120 , 12 1)

I nua l~c-s i t  c le a r  t i n - a t , f o r  g iven  c l m n t a  (B d , R )

I new (I ’) KM ; a- r 1’
~n-~ W 

- 

~~~~ 
l o u t

I (A) = (A)~~1

I

-‘ - _ _
_ __

% - - - - -  - - S - - 
~~~

-- 1 -
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T b t m ; t  is , tI n - c - KM I hme -o ry pr c-d i ct i  ( nun -  of B 1mm tcn cn - m i  gin , by a f. cutor

1 / ( 1 — 0 . ?tfl) i .4 im > t hi s nu nne- ri :mm i - :- ;a~ - i m i  c- , h u t  t i t i -  IA-I tmn - e u - cnry p r>-;Ii (r b u n

of A ap i c e s ;  a i t in t i m ;  t of timc con --ret -t e d time- ci ty - ‘Ihi m ; i m u t t e r  equal i i  -
‘-

5; f o r t u n m a t  c- f o r  the r ime- ~n u - Pur lm o :-; e of t h i s  wa-ri - : , wh ic - li  v -a: , to ci - t h e

I supposed equal  i~ ty of t he  KM coef I i c l e i m t  K = 2 A / 2 . , cal c a - I  m n t o e l  f rom the

fl-i ecg ;. (B ?)  , wi t lu the a b s o r p ti o n  c o ef f l . cj c - i i t  2 m m .  No te  i - t i  I t i n - a t  (‘VCfl

tboug l n ~1 2 
< <~ in tinis cxamn -np i r, t i m e r e su l ts  do not agre-e ul th thmose of

I the KM th eory ; for tin -is m ig reen~-ent it  rn - inst  be t:rem c- tin -at botim A<<I., i - t c<i

which was mint the case in either of these exa mu - tp i C:: -

I It in ; wor tl~ remarking that , for ve ry stromm g ly re-flee - t ing particl e-s .

I 
espec i , n i l  y for sench pm i r t:icies of in ge r ad ius , t ine usua l  a u - ;u - ;uuu :p t io n  c-f

m g i ime - t i n - n~- t i n e  n n -u l t ip le- scatteri mn -g in a nuo nn - opm ir t i c l . e  l a y e r  may be in—

I ~- - n 1  I A  - Tin u ; asmm rm um n - im t ion wan ; imp l i c i t  in the  above d e r i v a t i o n  of tia-

c i n r r i - r t  e d  t i - - i - - f l u x  e q m m a t i o n s .  In order to t ake  i n n t i m  a c c o u n t  sue- h c - f i t - c t  mm

1 m m 1 1 em s; t a 3 — f l u x  Se- t of equat  l o u t s  m ne u u - n t b m-  t u n e d  , or , f c r  a ccu racy  ,

I 
r e - n - m m ’ i — f I t mx s e t .  It is also 111cc- i ~‘ t in -a t  t i m e -  coum v c ’n -i t i n - n m ; n - I  rea somm i m ig wim ich

al l c > -~- u ;  r ep l acemen t  of m > 1 I t i mc-  d i f f e r e n t  l i e -n t  ic u i es in  t i m e -  r u e ’ A i n m n n  b y

a v e r t p t -  p a r t i c i  c-s (sc’e App end i x  A) needs to lie n-- > - eu-u; m u u m ined  i f y Y -
~~ I -

T lmes - mire- t o u u i c s  fo r  f n u t n n r e  work .

I I n n  u m u u u - , t in - c- a b o v e -  I c - i n -  11 i ts  t i i c - o r y  ( i f  t i n e -  d i  I I c - r e n n e t -  e q e m a t  i a - m m ’

( 1 2 ) ,  ; m m u d  l i i i -  tn - -.>n—f ir n :-: t ln>-e - r y m l  tin t - c l i f f i - u - .- ; ; t  n i l  c q n ; m t i o n n -  ( A l P ) ,  ( t i m e

KM t i m e - t i n y ) ,  \ ‘i c - Id u - u - i ; m m i i i c m m n ; t i v  - l i t  i m - n - c u u - t  n - c u e - m i t t ;, f or  s t n -— o m n g lv  n t nu ~h i ~

I j i ’~~ a- n- sIc - a - im pl y re-f N- c-I u n - p  n - l o u > - l v n- s - l i d  n - ; > ’ i l i a _  ‘ f i n - i : :  i t e p i i > m ;  t i n a t  t i n > .’

acm -u i - mm t i - na m l em i l~~m m : :  i i i  I - q  - ( 1 7 )  m n m m m l  I - q  - ( A l > ) ) n - i  I I  hi ’ u-u i it nm I ic e-nu t ly

d i  f f e r m - n t .  , f o r  ‘ u ri c -l i c - i l  i ;m

I
I

#~~~~~~~~~~~~~~~. ~~~~~~~~~~~~~~~~ - - 
~~~
. --- • - - -

~~~~~~~~ - - .-.-a w-- —c’--- ~~~~~~~~~~~ 
- - - - --- •- - - - - -
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Pr cu -vioems mm t e rtj i  t m m 1n~- o t her  ~‘nu : on e - ;  cit d isco in-ti nuousm timeor N-u- ; of

rid lu -n t ly e  I e - ; m m u ,  f e - r  arc-  a - c ut  I in n -ed i n n  r ef e rence-  (1 1) - Ti ne -m ; e  I heor  i c - u - ;  arc-

onl y t in - i ’ t n ->’ a - — f i u x  appro xi num un -tion um , and t in - I - i m m d i v i d u a i  l m : m r t  i c - i c -  s cat t e r i ng

and a h : e -u r p t  L oi n - c c - a - s u m ; - -  sect  ions do not sec-rn t a- be- an i im t ne -p ra l  par - I of

time dev i l oJ i :~ in -t , m ul t i - a -ug h t i me- ph i lo soph y of t inese  thea-c  b en -u is S u n - i i u - m r

to t ha t  of the new th cs>ry presented here .

I

I
I
I

I
I
I

4’
- — —~~~~

-- - z ~ — —  ~~~~~~~~~~~~~~~~~~ ~~~~-~~~‘i  - -



68

A P I - L N L m  l x  J

liOl;RT i N(: HE ll iOn

$ In t in t s  a u m i )( ’ i ieI  i x , t he  cia -m ini  l a p  n n e t in - o i l  i-c ia -at  i a - t i e -  m us e d  1 m m th i s  uor l-~

I 
are  dcr  iv ec-i . Time fu inc l amu iental  t r u - n n s n u m i s s i c m n - n -  c c ~m ii  t i  nu n - s f or a p l a n e -  p u - n r a —

I id l aye r  of t i n i c k m m e - s ’ ;  r. (opt i ce - I  t hn ic - k rm c-ss mu = y f )  nay be written

Idp r [ T
~~

(
~~, l u ’ ) I

+
(o ,li ’ )  +

$ 
1 

(.11)

$ 1_ (~~ ,~~ ) = Jdhu l E T~ (1n ,~~m )1_ (d ,P r) + R
1

(tu ,in ’)I
÷
(o,hn ’)l

where  jn ~? 0, and

14 (z ,IJ ) E ~~~ I~> (Z ,j i ) .  ( I ? )

$
Here , I + ( z , j n )  are  time t o t a l  i n t c - u m m i t  N - u - , d i f f m n u . c  p 1 m m : ;  d i r - - - i v  c - m u m , --

I iii t teel , ave- raged over ; n - z i m m n m t l m a l  m i n g le ~ , i n-i  a ri d > -  I i  m ’ ~ - - ,

I T~~(z ,~~) = I (~~,p ) ,  j t>O;  l ( z , i u )  I ( z , - ; ; ) , n - - O . (i t )

In symbol ic a-pc-nm> tol- form- , Eqs. (Ti) n:; >y lie n--:r i t t  i -mn-

= T~ 1~ ( e n)  4 R 1 (c)

I (3’>)

1 (ci) ~~ I ( ( )  ~i ~~ I~~( > n )  -

I
Cn nm ;i d c- r ; i u u - - i t  i n c - n 1 ayt ’ r i n - f  t i n - i c - i - u ;  ce - u - A , h t - t  c e - - m m  z mmn id z 2t .  Tim e-mm

I 1~~(~~~) = Tt l~~(~~) i I~

(~l5 )

7 ( Y)  = I 7 (21 ) R

I
I

- -  “
~~~~~ 

>
~~~~:~~~

i- - 
- w - r : ’~9~~~ ‘~~ ~~~~~~~~~~~~~ -~~~~~~~ -~~~ 

- -~~~~ -~~~~~
—-  

—
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p

But , f o r  the  t o t a l  11>1 ck n cu - m mm 2 2

1~~( 7 i)  T
29 1~~( o )  + R 29 , 1 ( 2 9 ,)  

( J 6)

1 ( o)  = T 2 Q 1 ( 2 1)  -F R
21 

I (o).

Comrm bin i in g t imese  sets  of e q m m a t i o n s  y i e lds

T
1

(i - -R
1R 1

)~~~T ;  R 29, = R
1
+T

1
(I-R

1
R
1
)~~~R1

T
1,

which arc tin- c doubi i n n - p  equa t ions  i n  o p e r a t o r  f or m .  For c-xe - inn -plc ,

T9 T~ f d s m ’ T
1

(~~~~’ )f d n ” T
1( t m ’ ,in ” ) ( . . . ) ,  ( J7)

I where tin -c- ~
- 1. 1 b ps i n :  ( - . - ) m m t ; i r m d u ;  fon- time cnpn -nrmmnd , soun-ne fuun -c- t ion of p’> 

-

Tin-i- cm i -rator (I —R . p 
1 
N do fined by irs; n ;e- rN ’ s cxp cmn s i  on ,

I
( l — R  R ) ~~ l- + P P 4- ~ R +

I 9. 9 S 
(38)

= J d > 
r 

~~(; m - - u i ’)  (~ - - )  + fciii ’ R 9 (~n ,j j ’ ) f d l n h ’ R
1

(u ’ , t n ”)  (~ - - )  + - . -
In p r a -- t  N e - i  p u t  m n t  l oin- , ten c r  f ec - mt- n -  tc ’ u m u m ;  ;n~~n - ke -pt 1mm the  above

I S i C  ii- ; -  , an - al  u -m n c-st l u- a - mt a- of roum m d— o If o r i o n -- i n-u i n n - c l  m d i i i  , follo n--m i nn-~ the

- t i : > m i l  of  i u m m n m - ; >  ni e u !  T rav is  —

I I m n a - r d >  u t o  n ’ - :n l ~t - r u e - i  - i i i  t i m e  dommin - i i  in-p & - q m a m t  I a-u n ; , t i n - i -  I r ca - n - sit - n

I r u n  n - -m ~ , P . f or  a ~‘c-ry  t i m i u n  1 ; ’ \ - t - r  of  I i i  i c - P a - n ’ : ; : ;  2 , u - mo t i n i r n -  t - I im nt

r : n n i  t i p l i - m ; ; m t  N - n i n m  m: ; ty  be m n - c - p h -c t eel , m u n u : t  h~- I n ) uI fn ( i  - Vu m s m n c i n  ~i l m n v i ’i- ,

I t i n > -  m ; m a t t m - u i u m ; :  t n - m m , ~~J d in ’ ~,
(o) 

( i n , i n ’ ) T 1 .  (z ,ti ’ ) ,  i s d n - n i 1 i 1 i > - il f r om

Eqs - (Al  9) , and the  r e sn u l  t i n n - p  c -qua t i a-mm i s ;  sol y eA mn - n i  1 y t  ic m m l i  y - Time-

T 9.,  R
1 

may be i - t u - e - d  off from :m tim > - u ; e -  sol L i t  i coit-m I l m i -y t u r n  out t o  l im ~

I
I

- -- - 
~~~~~~~~~~~~~~ - ______ -
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T
5 ( u  i- ’ )  = i~

( . m m ’)  
( 1 

— L) 1 
(~, Y~ /n  _~, Y 2 u n ) f ~ ( i — i n ’ )d Y Y / m n

2 ( ’  ) - ~n- -I-

(.1 9)

+ ~~,)
1 
[i-’x[)~~~~( +

- 
2( iu im ’ ) - ~ 

jn I n

‘Iln-t -st- e:-:prm u e -s ;i (u :n- - ; c l u e  f i n i t e  for m n - il jm ,jm~ , h i n t  ca i ui e - i de - n - ; >lml (’ ce-ri- mu s t

be ta~~ -n m m  c c n r n p u t a t i o n n -  ins e i t her  p or in ’ -
~~ 0 , or mis in ~ j n ’ .

Nem mer ice-i  i u mt c gr ;m t i a - n  over ~~
— f u n c t i o n  i n t e g r an d u ;  (- mn - mn - I (-ad to

s i g n i f i c a n t  e r ro r .  I t  wan ; jud ged more accur ate to wi- it n-

T = T  + T  - ( i l o )
I I,d n I,in

at each ste-p of the do ubl i ng, wimc-re T1 .  conta imi s  t i n t ’  ~— f u n c t  ion oper-

ator. Tin-is expands time equation fo~ T21 to four  t e ru :s , ann - cl tha t  for

to f i v e - . For d o m n l n l  l op  fro nu n ur t l m i c l c n e sn  I to a t in - ici u m mu -: ; : ; ?L , (in c-I>’

rcsul it ;

T
21 

T2~ dl + ~ ( i n— ~m ’ )~~~2)h1t n ; T1 
TL ( I l + ~ - ( p — i n ’ ) 1 ’u ,

1 ( i l l )

where T21 I - T
I d - corn -ta  i n - n - a l l  the  t ermm ns n - me t p r o p c m r r  i (‘ti ml to c~- (t  — i ’)  -

I If tin - incident i a - t e n s  i ty is ó ( p — ( n ) ,  then - n -  t i u c  i u n - c i e l e m n - t  f l u x  i s

I 
lu-or a n~- m m p l e  of t i m i c l , n n - t mu ; ;  A , tin -c ’ d i f f m u e c -  t n e - m m n ; ; m ’ i i t i- ni ai md u- c-r h - c - t m - m i

fl uxes a r c
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d i . / Tu T F

( u t ,~
m) J c i in i~ T~1 

( j m , j n ) V ’~
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I 
< - = Jdin~~ I (P ,p ) = Jd i >~ - ( i n , i m  )~~— (l u — ci , A m a- a-
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— y d / i n
ami(1 time (I ir ec- t l y t r au m sr n i  t ic-cl flu): I S  ~~~P Tb - r i - f o r e  , t ine  t run- in-s—

n i t t t a m n - c e :m an-n-cl r e f i c - c t au m c c -  ;nre

-y d /p  
1_ 

1/2T
~iir t 

e 
0 

T~11 Jdn (in/ ~~ ) 
- -  Td d . ( P , P ~~~, 

R = fci 1n ( ~n / ~~~ 
~d ,d L ’ ~~o~~

For a pure s cat t e r i ng  medium (rio a b s o r p t i o n )  , it mn - n o t  be t rue  t h a t

T - + T - + R = 1. (J14)
direct di

This re la t ion was used mi t-u an intc-rn al check on the  c omp u t a t i on a l  accu racy  -
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CO?-lPuL~ P PR OCPA~

TWO c ouun -p mn~ emr pro gramums c-:ere dc-ye- I a-pc-cl ciur i n - n - p  t in - c  course  of t u b

invest i gat ion , one based on the  !1i.e th e ory , t i m e  c n t i n - e r  a -cm c o n ven t i o n a l

multip le s - -ittering theory . A n;hort d e : ; c r i p t i o n - n -  of c-u -n-eli program is given

in tin-is appen -m elix. Comp letn-  document at ion i  mm cl l i s t i n m g s  mi re- a v ai la b l e

from tin -c au thor .

Both programs use Causs—Le ge ’n clr e ’ qn t ad r a tm nrc  mn-nd d o u i n - i e  p r e cI s i o n

arithme tic th roughout , and both were  thoroughl y cin- eckc- d f o m  a c c u r m m c y .

The Nbc  s ca t ter ing  program was checked against  pn nbi ishe :d r e sm n i  is ,~~ and

I age -b us t  anal y t i c  resul ts , and it was v e r i f i e d  t h a t , as the  m~m dei snnr~mle

p a r t i c l e s  are taken furt in -e r  mind f u r t h e r  apar t , tin - ct rn -ear fb i - l .A phase

I fuii ctie n -nn - (A p p e n d i x  A) approaches the  fa r  f i e ld  om m e.  Tine m u l t i p le : ;c cm t—

I t c -r in p  p rogr am agrees n -’ i tim the resu l t s  of an anal y t i c  cu - n - i a - a - lu - i t  lo in - ’ ~~~ ami d

s a t isf i e s  i n n t e - m n e - 1  check s for all opt ice-i d c jn t h s  ~ i O 2 f e -

I . tUe Scattering Pro gre -nun

I Gi~~eo t h e- mass c l e i m t ; i t y  of a model n-m ixtur e- cf sphc’ricnl pmmrti c les

and tin -c opt i c - u - n i  c - o n s t ; m m n t  S , m ; i xc eli S t r i b u i i o m n -  , and f r m i c t i  on by weig m n - t

of each conmponernt In the’ imi [xtnrre , tin - is progrmnm calculates tin-c’ nu rm n -h c-r

I d e n s i t y  of the m i x t u r e ;  I i i i -  n i n m nuu lne  r dc-m n -si ty, mn-ear an n -A far field differc ’nt I ml

cross— sectio n , and tin-i- ext i m n - - t  Inn , s c a t t e r i n g ,  and a b s o r p t i o n  cross—

I sections for c-m id - co nnp on me ’i i t  of tin -i’ m; ; l xt m mr e , and for tine mixture as a win-ole ,

using standard M ie tine -ory ai gori t inns , an-id the-  procedur es exp i ~-n-ined in

I Appendices A and F. It also cal (-n Il ales tin -c ph ase fu n c t  l o i n - u - ;  on a cliosesu set

of sca ttering angles (e .
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A d e t a i l e d  cie scni  pt  ion of a t yp N - m n  I N i e t i n e c i  n y  scat  t i -r i  imp c ; ; 1cu i a--

t ion is  r ead il y a v a i l ab l e  : i n  the c u r r o u n t  I i  t c - r ; n t m n r -
1’4

. Time n n aj o u -

I d i f f e r e n c es  between tin -c - p rogram ch-vei ope -ci f o r  t in  i s  c- ’a -r k mn -nd ti le ’ l’GAU SS

17
rout in -n -cu - mire as f o l l o w s :

I i) Tine logaritinmi c (iertvat ive -n e of r~~ ( z) ,  r a t her  than the ~i (z)

f u n c t i o n s  t imemseives , were comput td by bac kward r ecur s ion )~”
19 

Here ,

the r~~ (z)  are the P h  c c u m n t i — B e s s e l  f unc t  ia - m i s , tin -c - in - o t a t i on  t ha t  of Van

de Iluist -

ii) The ou tpu t  of tin-c- program y ie lds  the phase f u n c t i o n  p ( O )  on a

I selec te d set of s c m n t t e r i u m g  ang les 0 , not  the coefficients of tine Legend re

polynomial s in the standard series expansion of the pine - s e  f u n c t i o n .

2. Multiple Scatterimig Pr ogra m

Timi s progr am uses the punc h ed ou tpu t  (mix tu re  p in - ne - c -  f c m n n - c t i o n n - ,

I p(0)) from thcn - Nbc scattering program , and con sptmt m ’ tin-c diffuse c-cflec—

tance and t re-nm-ad. tt mince as func- t ions of tin-c m i n g l e  0 of the inn -c ic le mm t

I beam and tine plamie’—paraulol sample opt ice-I tin- i d-kma -?su-; , t i e - i  n~ t i n - eu - doubi  br i g

I mnetin -od (Appendix J) to solve the st-anclard ru -m d N n t  i v e -  t r m n - i r n u f e r  e q u a t i o n

(A2l) - The progra m then um ;e ;; ti ’~-n e ca i cni l ated r e f l e c t ed  f l n - m x e s  i n  tin - c ’

KM formulas (112) In  order  to  compa re d i m -c t ly tin - c pre- d j et n- cl v ;miues

I 
(K ,S) with the defined values K 2n , S 2t~ . The’ pr og r mn -mn m n - I s o

cu - i l cu l  ates time q u a m m t  i t  leo 1~ , P , (ji ) , mic’ f in c-cl in Append i c- n - s B mn -nd C -

I The pin ase f u n c t i o n  p ~~~ (ii , I n ’ ) 15 oht mm inc-mi fr om mn time ’ i n p r n t  p (0) b y t in - i -

method descr ibed  in Appendix ii .
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